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Preface

Before showing the Table of contents of this book, we would like briefly to
explain our motivation to the subject. In the mid-eighties, J.-L. Lions con-
tributed to the multiplier method by proving powerful and elegant theorems
on observability, controllability, and uniform stabilization. His 1988 survey
article and monograph also stimulated intensive research activity in the field.

The multiplier method led to great success, but several problems remained
unsolved. Starting research on them, we came up with another efficient way
to deal with those issues: using a former approach based on harmonic anal-
ysis. Indeed, following the influential survey paper of D.L. Russell (1978),
many authors had emphasized a classical result of A.E. Ingham (1936) for its
simplicity and depth that had proven to be extremely useful in control theory.

In this book, our purpose is to unify, as much as possible, the so-called
harmonic (or nonharmonic) analysis method. It is also to make the subject
as simple as possible. We start by solving elementary “ad hoc” controllability
problems; then we extend the results and the proofs to a general framework.
The book contains almost all proofs of the theorems, and only little knowledge
of functional analysis is required. Many results presented here are new and still
unpublished, while many known results have been rewritten for the purpose
of simplification.

The last part of this book is devoted to the exposition and the derivation
of some joint results with C. Baiocchi. We would like to take this opportunity
to thank him for his precious contribution to our work. We are also grateful
to all our students and colleagues for their encouragement as well as for their
interest through very useful discussions and comments. Finally, we wish to
thank the editorial staff at Springer-Verlag, New York, for their help and
support.

Rome and Strasbourg, August 2003
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1

Introduction

Consider the small transversal vibrations of a string with two free endpoints.
Denoting by u(t, z) the transversal displacement at time ¢ of the point of ab-
scissa x, it is well known that a suitable linear model is given by the following
system:

Ut — Ugg = 0 in R x(0,4),
Uy (t,0) = uy(t,€) =0 for teR, (1.1)
u(0, z) = uo(x) for z€(0,¢),
u(0,2) = uq () for z € (0,).

Here ¢ denotes the length of the string, ug and u; denote the initial data, and
the subscripts ¢ and = stand for time and spatial derivations, respectively. See
Figure 1.1 for a possible position of the string.

Assume that we can observe the oscillations of the left endpoint of the
string only during some interval of time 0 < ¢t < T. Can we identify the
unknown initial data? In other words, is the linear map

(ug,u1) = u(-,0)0,1) (1.2)

one-to-one in suitable “natural” function spaces? And what can we say about
the continuity of this map and of its inverse (if it exists)?

The problem can be solved easily by using Fourier series. Indeed, choose
¢ = 7 for simplicity of the formulae and introduce the Hilbert spaces

1/2

H = {v € L*(0,7) : /07r v(x) do = 0}, ol == (/07T|v(:1c)|2 dw) ,
and

V= {UEHl(O,Tr) : /Oﬂv(x) dx:O}, olly = (/Oﬂ|v/(x)|2 dx)1/2.

Introducing the initial energy of the solution of (1.1) by the formula
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Fig. 1.1. A possible position

1
Eo =, (luollir + luallz),
we have the following proposition:

Proposition 1.1. If T' > 27, then the map (1.2) is one-to-one from V x H
into HY(0,T). Moreover, there exist two constants ci,co > 0 such that the
solutions of (1.1) satisfy the estimates

T
coEo g/ lug (t,0)]? dt < caEy
0

for all (up,u1) € V x H.
Proof. Since the functions
coskx, k=12,...,

form an orthogonal basis in both H and V, the solution of (1.1) is given by

the series
o0

u(t,z) = Z(ak cos kt + by, sin kt) cos kx
k=1

with suitable real coefficients a; and by, depending on the initial data.
Using the orthogonality of the basis functions, we have the equalities
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faally = [ 0.0 da
m, o0 2
:/ Zkbk coskx’ dx
0 k=1
= Z k:?bﬁ/ cos? kx dx
k=1 0
_T - 272
=, > kb
k=1
Similarly, using the orthogonality of the functions

sinkx, k=1,2,...,

we obtain that

mw%=4|%wdew

2
‘ dx
0
= Z k:?aﬁ/ sin® kz dx
k=1 0
= 72T Z k%a3.
k=1

Hence
Z k2 (ai + 7).
Furthermore, for any positive integer M, the functions
coskt and sinkt, k=1,2,...,

also form an orthogonal system in L?(0,2M), so that

2Mmr 2Mm ©0
/ lug(t,0)]2 dt:/ Zk aksmkt+bkcoskt) dt
0 0

oo

2M
k2 / ax? sin® kt + bk2 cos? kt dt
1 0

i (a2 +b3),

k=1

x>

(1.3)
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i.e.

2Mm o)
/0 ug(t,0)[* dt = M7 > k*(af, + b7). (1.4)

k=1
We deduce from (1.3) and (1.4) the identity

2Mm
/ lug(t,0)|? dt = AME,.
0

Denoting by M the integer part of T//2m, so that 2M7 < T < 2(M + 1), and
using the nonnegativity of the function under the integral sign, it follows that

T
AMEy < / lug (t,0))% dt < 4(M + 1)Ej.
0

Several remarks are in order:

e By analyzing the above proof, one can show that the hypothesis T' > 27
is optimal.

The above method can be easily adapted to other boundary conditions.
The method can also be adapted (after some algebraic manipulations) to
cases in which we observe both endpoints.

e We can also apply this approach to vibrating circular or spherical mem-
branes, and to vibrating bodies occupying a ball in their rest position.

e Proposition 1.1 can also be established in at least two other elementary
ways: by applying either d’Alembert’s formula or the multiplier method.
It would be interesting to compare the relative advantages and drawbacks
of the three methods.

e It would be more natural to consider initial data in the larger and more
natural spaces H*(0,7) and L2(0,7) instead of V and H. However, this
leads to some difficulties: observe that the constant functions solve (1.1),
but they do not satisfy the first inequality in the proposition.

e Slight changes in the state equation, such as the addition of lower-order
terms, also lead to serious technical difficulties. For example by replacing
the original state equation by

Ut — Ugey Fu=0 in Rx (0,7),
the solutions of the modified system are given by the series

oo
u(t,z) = Z(ak cos wit + by, sinwyt) cos kx
k=1

with
W = \/k‘2 + 1.

Now the functions
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coswit and sinwgt, k=1,2,...,

are no longer orthogonal in any interval (0,7), so that the integrals

T
/ lug (t,0))? dt
0

cannot be evaluated by a simple application of Parseval’s equality.

The above approach can also be adapted to the study of vibrating beams.
As an illustration, consider the following linear model:

Ut + Uggze =0 in R x (0,7),
Ug (,0) = Ugyg (£, 0) = Uy (t, T) = Ugga(t,m) =0 for teR, (1.5)
u(0,z) = ug(x) for z € (0,m),
u(0,2) = uq () for x € (0,m).

Now introducing the Hilbert spaces

H = {v € L*0,7) : /Oﬂv(x) dx = O}

and

with the norms
)2 /2 )2 /2
vl g == /|v )| dx and ||v|lv = /|v” )| dx ,

and the initial energy of the solution of (1.5) by the formula

1
Ey =, ([uollir + luallz),
we have the following result:

Proposition 1.2. If T > 2x, then the map

(ug,u1) = u(-,0)0,1)

is one-to-one from V x H into H*(0,T). Moreover, there exist two constants
c1, 2 > 0 such that the solutions of (1.5) satisfy the estimates

T
a1 Ey g/ lug (t,0)]? dt < caEy
0

for all (ug,ur) € V x H.
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Proof. The solution of (1.5) is given by the series

u(t,z) = Z(ak cos k*t + by sin k*t) cos kx
k=1

with suitable real coefficients a; and by, depending on the initial data.
Adapting the computations of the preceding proof, we obtain easily the
equalities

2 7r°°42 2 7r°°42

e — ks olly — ko

haald =5 S k2, ol = 5 > k'
k=1 k=1

and
2Mmr 0
/ lug (t,0))? dt = MWZ k2 (ax? + bi?).
0 k=1
It follows that
2Mm
/ lug (t,0)|? dt = AM E,
0

for every positive integer M, and we conclude that
T
4ME, < / lug (t,0))% dt < 4(M +1)Ey
0

if M denotes the integer part of T'/27.
Again, several remarks can be made:

As we will see later, this time the hypothesis T' > 27 is not optimal.

The method can again be adapted to other boundary conditions.

We can also apply this approach to vibrating circular or spherical plates.
Proposition 1.2 can also be established by applying the multiplier method.
We shall discuss later the relative advantages and drawbacks of these two
methods.

e It would be more natural to consider initial data in larger spaces instead
of V and H, by removing the conditions

/07r ug(x) do = /07r up(z) de = 0.

However, this leads to interesting technical difficulties.
e The presence of lower-order terms in the state equation leads again to
serious technical difficulties.

The purpose of this book is to address the above remarks by generalizing
the above simple approach based on Parseval’s equality. Relatively simple
tools will already enable us to obtain much more general and precise results.
Further generalizations will allow us to solve various controllability problems
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concerning vibrating strings, beams, membranes, plates, shells, or systems of
them. For many models studied in this volume, the otherwise very powerful
multiplier method* does not seem to apply.

The applications of the methods developed here are not limited to con-
trol theory. As an example, we shall give a new simple proof of a celebrated
generalization of Bernstein of Pdlya’s theorem on the singularities of Dirichlet
series.

We assume that the reader is familiar with the basic results on linear
partial differential equations, and with the simplest Lebesgue and Sobolev
spaces such as

L*(2), H'(Q), H*Q), Hy(R2), H*(2)NH(Q)

and the dual space
H™Y(2) = (H5(2)),

where {2 is a nonempty bounded open domain of RY having a sufficiently
smooth boundary I" as exposed, e.g., in [31] and [98].

For the convenience of the reader, we give a short review of some parts
of linear control theory in Chapter 2. In particular, we present briefly the
main ideas of the Hilbert Uniqueness Method of Lions, which reduces many
problems of controllability to the observability of dual systems, and of an
analogous method developed recently, which does the same for stabilizability
problems. This enables us to concentrate on the observability problems in the
rest of the book: using the general theory, the reader can readily deduce from
them the corresponding controllability and stabilization results.

We refer to [96], [97], or [67] for an introduction to the multiplier method. See
also Sections 6.6 and 6.7 of this book, pp. 114 and 118.






2

Observation, Control, and Stabilization

The aim of this chapter is to review some general results of control theory
concerning the relations among the three fundamental concepts in the title.
Since in this book we consider only evolutionary problems with time-reversible
dynamics, we restrict ourselves to this framework. We present briefly the du-
ality between the notions of observability and controllability, which lies at the
basis of the celebrated Hilbert uniqueness method of J.-L. Lions. Then we also
explain the main ideas of an analogous method developed more recently in the
framework of distributed parameter systems, which reduces many problems of
stabilization to problems of observability. These two main principles allow us
to concentrate in the rest of the book exclusively on questions of observability.

Since the results of this chapter will not be used in the sequel, some proofs
are omitted. The interested reader may find them in the works [96], [97] of
Lions or in the textbook [67] (concerning controllability) and in the papers
[70] and [100] (concerning stabilizability).

2.1 Well-Posedness of Linear Evolutionary Equations

We are going to investigate the well-posedness of the problem!
U =AU, U(0)= Uy, (2.1)

in a complex Hilbert space H, where A is a (bounded or unbounded) linear
operator defined on some linear subspace of H, with values in H. Let us make
the following asumption?:

!We shall often use the notation U’ for the time derivative dU/dt.

2We use semigroups only in this chapter, but the results presented here will not
be used in the sequel. The rest of the book can be read without any knowledge of
the theory of semigroups.
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(H1) The operator A generates a strongly continuous group of automorphisms
et in H.

Examples.

e If H is finite-dimensional, then every linear operator in H satisfies hypoth-
esis (H1).

e Hypothesis (H1) is also satisfied if A is a skew-adjoint® operator having a
compact resolvent.

Under the assumption (H1) the problem (2.1) is well-posed in the following
sense:

Theorem 2.1. Assume (H1). Given Uy € H arbitrarily, the problem (2.1)
has a unique continuous solution U : R — H, satisfying the estimate

U@ < Me o]

with suitable constants M > 1 and o > 0, independent of the particular choice
of the initial data Uy € 'H.

If Uy € D(A), then the solution is also continuously differentiable.

If A is skew-adjoint, then we even have ||U(t)|| = ||Usl| for all t € R.

Proof. See any textbook on semigroup theory, e.g., Pazy [112].
Remark. Let us also recall that more generally, the inhomogeneous problem
U =AU+ F, U(0)=U,,

also has a unique continuous solution U : R — H for any given Uy € ‘H and
a locally integrable function F': R — H, given by the formula of variation of
constants:

t
U(t) = Uy —|—/ e =IAFR(s) ds, teR.
0

Furthermore, if Uy € D(A) and F : R — H is continuously differentiable,
then the solution is also continuously differentiable; see Pazy [112], Corollary
2.5, p. 107.

Let us give two important examples.

2.1.1 Wave Equation with Homogeneous Dirichlet Boundary
Conditions

Consider the problem

$We recall that an operator A is skew-adjoint if i.4 is autoadjoint.
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v’ — Au=0 in Rx £,
u=0 on RxT, (2.2)
u(0) =up and w'(0)=w; in {2,

where 2 is a nonempty bounded open set in RY with boundary I". In order
to simplify the exposition we usually assume that {2 is of class C'°°. Here and
in the sequel, we use the notation

ou 0%u N 9%y

/. 72 —

u' = U= g and Au:= D 922
j=1 J

for the time derivatives and for the Laplacian of u. The energy of the solution
is defined by

1
B)=, /Q|Vu(t,x)|2 + () dz, tER.

Proposition 2.2. If

up € HY () and wuy € L*(0),
then (2.2) has a unique solution satisfying

u € C(R; Hy(2)) N CHR; L (2)).

Moreover, the energy of the solution is conserved: E(t) = E(0) for all
teR.

Proof. We rewrite the problem (2.2) in the form (2.1) by setting
U:= (u,u'), U:= (ug,u1), and A(u,v):= (v, Au).

One may readily verify that A4 becomes a skew-adjoint operator with a com-
pact resolvent in the Hilbert space

1/2
W= HYQ) x I2(Q), ||(us0)]n = (/ Vul + o dz)
2
if we define its domain by

D(A) :={(u,v) € H : A(u,v) € H} = (H*(£2) N Hy(£2)) x Hy(£2).

Hence we can apply Theorem 2.1. The energy conservation follows from the
equality

B = 0P
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2.1.2 A Petrovsky System with Hinged Boundary Conditions
Now consider the problem

w+ A% =0 in Rx £,
u=Au=0 on RxT, (2.3)
u(0) =up and ' (0)=wu; in 2.

Define the energy of the solutions by the formula
1
E(t) := N / lu(t,z)|* + |Au(t, z)|? + |V (t, x)|? dz, teR.
0

Proposition 2.3. If
ug € Hy(92) and  uy € H1(92),
then (2.3) has a unique solution
u € C(R; Hy(2)) N CHR; H(12)).

Moreover, the energy of the solution is conserved: E(t) = E(0) for all
teR.

Proof. We rewrite the problem (2.3) in the form (2.1) by setting
U:=(u,u), Up:=(ug,u1), and A(u,v):= (v,—A%).

One may readily verify that A becomes a skew-adjoint operator with a com-
pact resolvent in the Hilbert space

1/2
M= HYOQ) x HYQ), |(u,0)] = (/ |Vuf? + |[VA™ L2 dx) ,
0
where A~1 denotes? the inverse of the restriction of A to H}(2), if we define

its domain by

D(A) : ={(u,v) e H : A(u,v) € H}
={ucH*Q) : u=Au=0 on I} x Hj ().
Since .
E(t) =, IlU®]
by definition, we conclude the proof by applying Theorem 2.1.

“We recall that A is a linear ismometry of Hg(£2) onto its dual space H ™ (£2).
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2.2 Weak Solutions of Dual Problems

In order to obtain satisfactory controllability and stabilizability results, we

often have to solve inhomogeneous problems with irreqular data. We define

solutions to such problems by applying the method of transposition or duality.
Consider again a first-order equation

U' = AU, U(0) = U, (2.4)

satisfying assumption (H1) of Theorem 2.1. Furthermore, let B be another
linear operator, defined on some linear subspace D(B) of H with values in
another Hilbert space G, satisfying the following hypotheses:

(H2) D(A) C D(B), and there exists a constant ¢ such that |[BU|lg <
|| AUp||3 for all Uy € D(A).

(H3) There exist an interval® I and a constant c; such that the solutions of
(2.4) satisfy the inequality

I1BU||L21:6) < crl|Uolln

for all Uy € D(A).

The operator B is usually called an observability operator: we may think
that we can observe only BU and not the whole solution U.

Remarks.

Hypothesis (H2) ensures that hypothesis (H3) is meaningful.

Hypothesis (H3) is an abstract form of the direct inequalities in the ter-
minology of Lions [96], [97]. It is also called an admissibility inequality
because it allows us to define BU as an element of L?(I;G) for all Uy € H,
by a density argument.

e The particular interval I does not play an important role in hypothesis
(H3). Indeed, since the operator A does not depend on time, if hypothesis
(H3) is satisfied for some I, then it is also satisfied for every interval .J,
of arbitrary length, with another constant c¢; depending on J. Indeed, let
us cover J with a finite number of translates I +¢1,...,I +t, of I. Since
Uj(t) := U(t+1;) solves (2.4) with the initial data U(t;) instead of Uy, we
have

5Throughout this book all intervals are assumed to be bounded and nondegen-
erate, i.e., having a finite positive length.
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n

I1BU||L2(1,:6) < ZHBUHLz(I-HJ, g)
J_

S

=Y IBUll2(1:0)

Jj=1

<c ZHU )l

< CJHUOHH,

S

where the constant c; also depends on the numbers ¢;. Consequently,
hypothesis (H3) allows us to define BU for all Uy € H as an element of

loc (R g)

Under the assumptions (H1)—(H3), we are going to define the solution of

the dual problem
Vi=—AV+BW, V(0)="1,, (2.5)

for every Vo € H' and W € L (R;G’). Here H', G’ denote the dual spaces of
H, G, and A*, B* denote the adjoints of A and B.

The operator B* is usually called a controllability operator: we may think
that we can act on the system by choosing a control W. Proceeding formally,
if U solves (2.4) and V solves (2.5), then for each S € R we have the identity

S
(V(S),U(S)) 2030 = (V. Uo)pwr g + / (W), BU(®)grg dt.  (26)

Indeed, we have
S
0= [ (V.00 - UG
0
S
= [V, U))rr 2§ — / V(). U(0)) g 3¢+ (V (1), AU ()20 3¢ d
S
= V), U S — / (V/(£) + AV (), U)o dt
S
= (V). U))rr 2§ — / (BEW (), U (1))

S
= V), U0 2S — / (W (1), BU(t))gr g dt.

Hence we define a solution of (2.5) as a function V : R — H’ satisfying
the identity (2.6) for all Uy € H and for all S € R. This definition is justified
by the following theorem:

Theorem 2.4. Assume (H1)-(H3). If Vo € H' and W € L2 _(R;G'), then the
problem (2.5) has a unique solution. Moreover, the function V : R — H' is
continuous.
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Proof. As a consequence of hypothesis (H3), the right-hand side of (2.6)
defines a bounded linear form of Uy € H for each fixed real S. Since the
linear map e°# is an automorphism of H by Theorem 2.1, the right-hand side
of (2.6) is also a bounded linear form of U(S) € H. Denoting this form by
V(S) € H', we conclude that (2.6) is satisfied.

Since the right-hand side of (2.6) depends continuously on S, the function
V:R — H' is continuous.

Let us turn to the examples.

2.2.1 Wave Equation with Inhomogeneous Dirichlet Boundary
Conditions

Consider the following two problems:

v — Av =0 in R x 2,
v=w on RxT, (2.7)
v(0) =vy and '(0)=wv; in
and
u' — Au=0 in Rx £,
u=0 on RxT, (2.8)

u(0) =wuy and «'(0)=wu; in {2

If v solves (2.7) and u solves (2.8), then we can make the following formal
computation for every S € R:

s

0:/ /(v”—Av)udzdt
0 J

:[/vu—vudac // (v — Au) dz dt
// Oyv)u + v(0yu) dI' dt.

Using the initial and boundary conditions for v and for u, we therefore con-
clude that

/Q —v'(S)u(S) + v(S)u'(S) dx

s
:/ —V1Ug + VoU1 dx—|—/ /w@,,u ar dt. (2.9)
Q o Jr

Using the notation
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U:= (u,v), Up:=(uo,u1), H:=Hy(R2)x L),

and
A(u,v) := (v, Au), D(A) := (H*(2) N Hy(£2)) x Hy(£2)
of Section 2.1.1 (p. 10), defining

ou

D(B) .= D(A), B(u,v):= o’

G := IA(I),
and putting
V= (—’Ul,’U), VO = (_U17U0)7 and W = w,

we see that (2.7), (2.8), and (2.9) take the form of (2.4), (2.5), and (2.6).
Therefore, it is natural to interpret the problem (2.7) as the dual (2.8).

The assumptions (H1)—(H3) are satisfied. Indeed, (H1) was already verified
in Section 2.1.1, while (H2) follows from the usual trace theorem. Finally,
(H3) is equivalent to the following so-called hidden regularity theorem, due to
Lasiecka and Triggiani [90]:°

Theorem 2.5. The solutions of (2.8) satisfy the direct inequality

2
//’a“’ dr dt§0/|Vu0|2+|u1|2 dz
rJplov Q

for every time interval” I, with a constant ¢ depending only on the length |I|
of I.

Applying Theorem 2.4 we obtain the following result:

Proposition 2.6. For arbitrary

vo € L2(2), v € HYN), and we Li . (R;L*(I)),

loc

the problem (2.7) has a unique solution satisfying

y € C(R; L*(2)) N C'(R; H'(12)).

2.2.2 A Petrovsky System with Inhomogeneous Boundary
Conditions

Here we consider the problems

5A simpler proof, using multipliers, was subsequently given by Lions [94]. See
also [96], [97], or [67], p. 20.

"We recall that in this book all intervals are assumed to be bounded and nonde-
generate.
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v+ A% =0 in R x {2,
v=0 and Av=w on RxT, (2.10)
v(0) =vy and ¢'(0)=v; in 2,
and
uw' + A%u =0 in R x £,
u=Au=0 on RxITI, (2.11)

u(0) =up and ' (0)=w; in £

If v solves (2.10) and u solves (2.11), then we can make the following formal
computation for every S € R:

s
0= / / (V" + A%v)u dx dt
0o Jo

= {/ v'u — v’ dx}os—k/s/ v(u + A*u) dx dt
7} . 0o Jo
+/0 /F(&jAv)u — (Av)(O,u) + (0,v)(Au) — v(d, Au) dI’ dt.

Using the initial and boundary conditions for v and for u, we conclude that

/Q =0 (S)u(S) + v(S)u'(S) dz

s
:/ —v1U + Vo1 dx—/ /w@,ju ar dt. (2.12)
0 o Jr

Using the notation

U= (u,u), Up:=(up,u1), M :=Hj(2)x H *2),
and

A(u,v) = (v, —A%u),
D(A) :={ue H32) : u=Au=0 on I'}x H}()
of Section 2.1.2 (p. 12), defining

and putting

V= (—U/7U), Vo = (—Uhvo)’ and W := w,

we conclude that (2.10)—(2.12) take the form of (2.4)—(2.6). Therefore, it is
natural to interpret the problem (2.10) as the dual (2.11).
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The assumptions (H1)—(H3) are satisfied. Indeed, (H1) was already verified
in Section 2.1.2, while (H2) follows again from a usual trace theorem. Finally,
(H3) is equivalent to the following hidden regularity theorem of Lions [96],
[97]:8

Theorem 2.7. The solutions of (2.11) satisfy the direct inequality

’aU’Q 2 -1, 12
dI dt <c | |Vugl® + VA 'uq|* dz
rJrlov 2

for every time interval I, with a constant ¢ depending only on the length |I|.
Applying Theorem 2.4, we obtain the following proposition:
Proposition 2.8. Given
vo € Hy(2), wvi € H Y (2), and we L*(R;(L*(I"))
arbitrarily, the problem (2.10) has a unique solution satisfying

v e CR; Hy (2))NCHR; H1(2)).

2.3 Observability and Controllability

In this section we review an important duality principle between observability
and controllability. Again, we begin by presenting an abstract framework,
followed by examples.

Let us return to the abstract dual problems

U' = AU, U(0) = Uy, (2.13)

and
V= -AV +BW, V(0)=V,, (2.14)

of the preceding section, satisfying hypotheses (H1)-(H3) (pp. 10, 13). We are
going to show that there is an intimate relation between the observability of
the first and the controllability of the second equation.

Let us also assume the following inverse inequality to (H3):

(H4) There exists a bounded interval I’ and a positive number ¢ such that
the solutions of (2.13) satisfy the inequality

10oll3 < ¢ IBUI|L2(17:0)

for all Uy € Z.

8See also [67], p. 29.



2.3 Observability and Controllability 19

Remarks.

This is also called an observability inequality, because it implies that two
different initial data Uy in the problem (2.13) lead to different observations
BU| 1/, so that (applying the inverse inequality to the difference of the two
solutions, which is also a solution of our linear equation) the observation
is sufficient in order to distinguish the unknown initial data.

Unlike condition (H3), in (H4) the length of the interval I is important:
it is related to the critical time of observability. Indeed, an elementary
argument based on the time invariance of equation (2.13) and on the esti-
mate (2.5) of Theorem 2.1 (p. 10) shows that if (H4) is satisfied for some
interval I’, then it is also satisfied for every translate of this interval, with
perhaps a different constant ¢’. It follows that the inequality also holds
with some constant ¢ for every interval having at least the same length.
Thus there exists a number Ty > 0 such that the observability inequality
holds for all intervals longer than T and for no intervals shorter than Tj.
(In this abstract setting we cannot draw any conclusion regarding inter-
vals of length equal to Tp.) Note that we do not exclude the case Ty = 0:
then the observability inequality holds for all intervals. (But the constant
¢’ explodes as the length of I’ tends to zero.)

Now the main result of this section is the following:

Theorem 2.9. Assume (H1)-(H4) and let T > |I'|. Then for every initial
state Vo € H' there exists a function® W € L?(0,T;G') such that the solution
of (2.14) satisfies the final condition V(T) = 0. (We say that the control W
drives the system to rest in time T'.)

Moreover, we can choose W satisfying

IWl[z20,7567) < exl|Volln (2.15)

with a constant cp independent of the particular choice of Vo € H'.

Proof. As a consequence of hypotheses (H1)—(H4) the formula

T
(U(),ﬁo) l—>/ (B@t‘AU(),BBt'Aﬁo)g dt
0

defines a continuous, symmetric, and coercive bilinear form in H. Applying
the Riesz—Fréchet theorem, we see that there exists a self-adjoint, positive
definite isomorphism A € L(H,H’) such that

T
<AU0,(70>H/’H =/ (Bet'AUQ,BBt'Aﬁo)g dt
0

9We extend the function W for example by 0 outside [0,7] so as to obtain a

function W € LE (R;G’). Tt is called a control function.

loc



20 2 Observation, Control, and Stabilization

for all Uy, Uy € H.
Let us denote by J : G — G’ the canonical Riesz isomorphism. Given
Vo € H' arbitrarily, we claim that the control

W(s) := —JBet* A7V,

drives Vp to rest in time 7. Indeed, for any given Uy € H, using (2.6) (p. 14)
we have

T
WH%WHMWZG@%MW+A<W@ﬁWWQQﬁ

T
= <Vb, U0>H’,H —/ (BetAA_1V0,B€tAU0)g dt
0

= (Vo, Uoyrr 1 — (AA™ Vo, Uo)aer 1
=0.

Since €74 is an automorphism, U(T) runs over the whole of H if Uy does.
Therefore, we conclude that V(T") = 0.

Finally, the estimate of the norm of the control results from a direct com-
putation, using the isomorphic character of J, A, and the direct inequality

Wl 20,1y = 7B A" Vol 20, 1:07)
= ||BBSAA_1VO||L2(0,T;Q)
< | A7 Vollx
< c2|Voll-
Remark. As a matter of fact, under hypotheses (H1)-(H3) the controllabil-
ity of (2.14) is equivalent to the observability of (2.13). Indeed, fix Uy € Z
arbitrarily. For every Vy € H’ choose an exact control W satisfying the norm

inequality (2.15). Using the definition (2.6) of weak solutions, the correspond-
ing solutions of (2.13) and (2.14) satisfy the equality

T
@@%mmz—/<wwﬁmmggm
0
Using (2.15), it follows that

|(Vo, Uo)rr w| < er||[Vollw I1BU|| 20, 1:6)-

Since this is true for all Vy € H’, using the Hahn—Banach theorem we conclude
that
Ul < erl|BU || L2(rr:6)-

We note that this duality relation remains valid if we assume instead of
(H1) only that A generates a semigroup in H; see Dolecki and Russell [32].



2.3 Observability and Controllability 21

In [96], [97] Lions developed a general and systematic approach for the
study of exact controllability of linear distributed systems, the so-called
Hilbert uniqueness method (HUM). It was based on the duality principle
discussed in this section. Since these references contain a great number of ex-
amples (see also [67] for a textbook exposition), in the present book we restrict
ourselves to the study of observability, leaving to the reader the formulation
of the corresponding controllability results. Let us just recall two applications.

2.3.1 Wave Equation with Dirichlet Control

We return to the problems studied in Section 2.2.1 (p. 15):

v — Av =0 in Rx £,
v=w on RxT, (2.16)
v(0) =vy and '(0)=wv; in

and

u' — Au=0 in Rx {2,
u=0 on RxT, (2.17)
u(0) =wuy and «'(0)=wu; in £,

with the observation of d,u.

We recall that hypotheses (H1)—(H3) are satisfied. Solving a conjecture of
Lions [94], L.F. Ho [50] proved that hypothesis (H4) is also satisfied. This was
subsequently improved!? by Lions [96], [97], who weakened the assumption
on the length of I:

Theorem 2.10. Let R denote the radius of the smallest open ball containing
£2. The solutions of (2.17) satisfy the inverse inequality

Ou 12
/|Vu0|2—|—|ul|2 dxgc//’ u’ dr dt
0 rJrlov

for all intervals I of length |I| > 2R, with a constant ¢ depending only on |I|.
Remarks.

e The above-mentioned proofs were based on the multiplier method. The
critical length for the validity of the inverse inequality was determined by
Bardos, Lebeau, and Rauch [11], using microlocal analysis.

e The inverse inequality cannot hold for arbitrarily short intervals because
of the finite propagation property of the wave equation; see, e.g., Remark
3.6 in [67] (p. 40) for a short proof.

198ee also [62] or [67] (p. 36) for a simplification of his proof.
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e If we consider only initial data with up = 0, then the above inverse in-
equality also holds for the shorter intervals I = (0,7) with 7" > R. This
easily follows from the theorem by observing that the solutions are odd
functions of the time ¢, so that

T 2 T 2
/ /’a“’ ar dt = 1/ /‘8u‘ dr dt,
0 r 8V 2 —_TJr 8V
and the length of the interval (—T,T) on the right-hand side is greater
than 2R.

e An analogous result holds if we consider only initial data with u; = 0: now
the solutions are even functions of the time ¢.

Applying Theorem 2.9, we obtain the following result of Lions [96], [97]:

Theorem 2.11. If T > 2R, then for any given initial data ug € L?(£2) and
uy € H1(Q) there exists a function w € L*(0,T; L*(£2)) such that the solu-
tion of (2.16) satisfies

o(T) =2 (T)=0 in .

Remark. Applying the last two remarks above, we obtain that if T > R, then
for every initial data ug € L?(£2) and u; € H~1(£2) there exists a function
w € L%(0,T; L?(£2)) such that the solution of (2.16) satisfies

v(T)=0 in {2,

and another function w € L?(0,T;L?(£2)) such that the solution of (2.16)
satisfies
V'(T)=0 in .

In other words, half the time is sufficient if we want to control only the state or
the velocity, but not both. This was proved earlier by Lions using a different
argument in [97], pp. 95-102.

2.3.2 A Petrovsky System
We return to the problems

v+ A% =0 in R x {2,
v=0 and Av=w on RxT, (2.18)
v(0)=vy and V' (0)=wv1 in £,

and

u' + A2u=0 in Rx {2,
u=Au=0 on RxT, (2.19)
u(0)=wuy and «'(0)=wu; in £,
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of Section 2.2.2 (p. 16).

We recall that hypotheses (H1)-(H3) are satisfied. In [96] and [97] Lions
proved that hypothesis (H4) is also satisfied if the interval I is sufficiently
long.*! Subsequently, Zuazua [139] proved that the inverse inequality holds in
fact for all intervals:'2

Theorem 2.12. The solutions of (2.19) satisfy the inverse inequality

2
/|Vu0|2+|VA_1u1|2 dz Sc//’au’ dr dt
9] rJrlov

for every time interval I, with some constant ¢ depending only on the length
7| of I.

Remark. All these proofs used the multiplier method. The possibility of
taking arbitrarily short intervals is related to the infinite propagation speed
in this equation.

Applying Theorem 2.9, we deduce the following improvement'? of earlier
results of Lions [96], [97] and Zuazua [139]:

Theorem 2.13. For arbitrary T > 0, ug € H3(2), and u; € H=1(2), there
exists a function w € L2(0,T; L*(£2)) such that the solution of (2.18) satisfies

o(T)=2"(T)=0 in L.

2.4 Observability and Stabilizability

We present here an approach to the uniform stabilization, introduced in [70],
analogous to HUM. This leads to the construction of boundary feedbacks with
arbitrarily large decay rates.

Let us return to our abstract framework,

U'= AU, U(0)=1U,,  =BU,
V= —AV + BW, V(0) =V, (2.20)

and assume hypotheses (H1)—(H4) again (pp. 10, 13, 18). Fix two numbers
T>|I'|,w>0,set T, =T + (2w)~!, define*

() e~ 2ws ifo<s<T,
eu(s) =

v 2we= 2T (T, —5) ifT <s<T,,

" His proof was simplified in [62].

128ee also [67] for a constructive proof of this result.

13See [67], p. 83. In the former results two controls were used.
14This particular weight function was proposed by Bourquin [16].
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and set

T ~
(AMUO,[N]()}H/ﬂ ::/ ew(s)(BeSAUO,BeSAUo)g ds.
0

Then A, is a self-adjoint, positive definite isomorphism A, € L(H,H’). Let
us denote by J : G — G’ the canonical Riesz anti-isomorphism.
The following result is a special case of a theorem obtained in [70].

Theorem 2.14. Assume (H1)-(H4) and fix w > 0 arbitrarily. Then the prob-
lem
V' = (=A* - B*JBAYV, V(0) = Vo, (2.21)

is well-posed in H'. Furthermore, there exists a constant M such that the
solutions of (2.21) satisfy the estimates

V@)l < M|[Vollzre™! (2.22)
for all Vo € H' and for all t > 0.
In other words, this theorem asserts that the feedback law
W = —JBA;'V

uniformly stabilizes the control problem (2.20) with a decay rate at least equal
to w.

The well-posedness means here that (2.21) has a unique solution V' €
C(R;H') for every Vo € H'.

Sketch of the proof. We admit the well-posedness of (2.21), and we write
A, in the following form:

Tw
A= / eu(s)e5A B TBesA ds.
0

Fix Vy € H’ arbitrarily and consider the solution of (2.21). A simple (formal)
computation leads to the following identity:

d
it (A, Va0 = (A, (A Ay — A A — 2B IB)A Vg 0. (2.23)
Since
2wey,(s) < —el (s) and e,(T,) =0,
we have

T
_A*Aw — A A+ 2w, < —/ zs(ew(s)es_A*B*JBesA) ds = B*JB.
0

Hence we obtain that

- A A, — Ay A =2B*JB < —2wA,,.
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(This means that the right-hand side minus the left-hand side is positive
semidefinite.) Therefore, we deduce from the identity (2.23) the following in-
equality:

ATV e < 205V, Ve
Hence
AV VO < (A5 Vo, Vol " (224)

for all ¢ > 0. Since A, € L(H,H') is a self-adjoint, positive definite isomor-
phism, there exist two constants ¢y, ca > 0 such that

allVIIE <AV, Vinw < ellVIE

for all V' € H'. Using these inequalities, (2.24) implies (2.22) with M =
\/82/61.

The above proof is correct in the finite-dimensional case, but there are
some technical difficulties in the infinite-dimensional case due to the rather
weak regularity of the solutions of (2.21). See [70] for the complete proof in
the general case.

Remark. Various numerical and experimental tests were conducted by Bour-
quin and his collaborators Briffaut, Collet, Ratier, and Urquiza on the effi-
ciency of these feedbacks: see, e.g., [17], [18], [21], [116], [134].

We give only two applications of this theorem, and we refer to [70] and
[71] for further ones.

2.4.1 Wave Equation with Dirichlet Feedback

We recall from Section 2.2.1 (p. 15) that if we write the problem

u’ — Au=0 in R x £,
u=20 on R x T
u(0) =wup and w'(0)=wu; in £,

Y =0,u on R x T,

in the abstract form
U =AU, U(0)=U,, Y = BU,
then the corresponding control problem
V' = -A"V +B*W, V(0) =",
is equivalent to

v —Av=0 in Rx {2,
v =w on R x|
v(0) =vy and v'(0)=v1 in {2
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Since hypotheses (H1)—(H4) are satisfied, we can apply Theorem 2.14. Tt re-
mains to identify the feedback W = —JBA'V. Writing the operator

AZVH7H ) x L) — HY(2) x L*(2)

_ P —Q
A0 = <—R S>

and using the definition of B, we have

in the matrix form

0
w=—JBA  'x = 5 (Py + Qy)

v

if we identify G = L?(I") with its dual G’ as usual. We have thus proved the
following result:

Theorem 2.15. Fiz an arbitrarily large positive number w. Then there exist
two bounded linear maps

P:H Q) — H)(2), Q:L*2)— Hy(R),
and a constant M such that the closed-loop problem

v — Av =0 n R x £,
v =0,(Pv' + Qu) on RXxT,
v(0)=vg and V' (0)=wv1 in £,

is well-posed in H := L*(2)' x H=1(2), and its solutions satisfy the estimates

(v, v ) (@)l < M|(vo, v1)ll2e ™"

for all t > 0 and for all (vo,v1) € H.

2.4.2 A Petrovsky System with Hinged Boundary Conditions

Applying the results of Sections 2.1.2, 2.2.2 and 2.3.2 (pp. 12, 16, and 22), we
can show that Theorem 2.14 yields the following theorem:

Theorem 2.16. Fiz an arbitrarily large positive number w. Then there exist
two bounded linear maps

P:HYQ)— Hy(2),  Q:H}(2)— Hy(£2),
and a constant M such that the closed-loop problem

v+ A% =0 in R x £,
v=0 and Av=0,(Pv+Qv) on RxT,
v(0) =vg and v'(0)=uv in {2,
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is well-posed in H := H}(2) x H=(£2), and its solutions satisfy the estimates

(v, 0")(®)ll2 < M(vo, v1) e
for allt > 0 and for all (vo,v1) € H.

The proof is left to the reader (or see [70]).

2.5 Partial Observation, Control, and Stabilization

In applications it is often desirable to generalize Theorems 2.9 and 2.14 (pp.
19, 24) for several reasons:

e Sometimes the system
U =AU, U(0)=U,, (2.25)

is only partially observable; i.e., only a weakened form of hypothesis (H4)
is satisfied.
e Sometimes the system

V= — AV +BW, V(0) ="V, (2.26)

is only partially controllable; i.e., not all initial states can be steered to
ZEro.

e Sometimes the system (2.26) is not stabilizable, but some initial states can
still be driven to zero by an appropriate feedback.

e Fven when stabilizable, it may be too expensive to stabilize the whole
state: it could be more economic and at the same time completely accept-
able from the point of view of applications to stabilize only a finite number
of modes.!?

Let us consider again the abstract framework of the problems (2.25) and
(2.26) as in Sections 2.2 and 2.3 (pp. 13, 18). We continue to assume that
hypotheses (H1)—(H3) (pp. 10, 13) are satisfied. Then for any fixed continuous
(strictly) positive function f given on some interval [0, T], the formula

T
(A Uy, To) = / (Be AUy, BeAlly)g dt (2.27)
0
defines a continuous linear map
Af H— HI-

Let us take a closer look at A;:

15This is exactly what has been done in the numerical and physical experiments
carried over by Bourquin et al. [17], [18], [21], [116], [134].
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Lemma 2.17. The map Ay has the following properties:
(a) A3 = Ay,
(b) (AyUy, Up) >0 for all Uy € H;
(¢c) (A¢Uo, Up) = 0 if and only if AUy =0;
(d) N(Ay) = R(Ap)*.

In the last assertion, N(Ay) and R(Ay) denote the kernel (or nullset) and
the range of Ay, respectively, and R(A;)* denotes the orthogonal complement
of R(Ay) C H inH.

Proof. Assertions (a), (b), and the inverse implication in (c) follow at once
from the definition of Af. The direct implication in (c) is a consequence of
the generalized Cauchy—Schwarz inequality

(AU, Uo)|? < (ApUo, Uy) - (A4 Us, Up),

which holds for every positive semidefinite quadratic form.
Turning to the proof of (d), if Uy € H and Uy € N(Ay), then

(A5Uo, Uo) = (U, A;Us) = (Uo, 0) = 0.
This proves the inclusion
N(Ay) C R(Ap)*:.
On the other hand, if Uy € R(Af)*, then we have
(AUo, Uo) = (Uo, ApUg) = 0
for every Uy € H. This proves the inverse inclusion
R(Af)*: C N(Ay).
Remarks.

o It follows from property (c) that N(Ay) is the set of nonobservable initial
states for problem (2.25) in the sense that the observation of Be**U, on
[0, T] does not allow us to distinguish Uy from 0.

e In particular, this also shows that N (A) does not depend on the particular
choice of the function f. Since

R(Ap) = R(Ap)™+ = N(4p)*,
the closure of the range R(Ayf) of A does not depend on f either.

We are going to show that R(Ay) also has a natural control-theoretical
interpretation. Let us adopt the following definition:
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Definition. A state Vo € H’ is controllable (in time T') if there exists a
“control function” W € L?(0,T;G’) such that the solution of (2.26) satisfies
V(T)=0.

We need the following weakening of hypothesis (H4) (p. 18):

(H4") There exists a constant ¢’ > 0 such that the solutions of (2.25) satisfy
the inequality

T
it U+ Dol < ¢ / FOIBU @2 di
UoeN(Ay) 0

for all Uy € Z.

If Ay is one-to-one, then this hypothesis reduces to (H4), and then A is in
fact an isomorphism of H onto H’. In the general case, we have the following
lemma:

Lemma 2.18. Assume (H1)-(H8) and (H4'). Then Ay has a closed range
R(Ayf) in H'. Moreover, the quotient map of Ay with respect to its kernel
N(Ay) is an isomorphism of H/N(Ay) onto

R(Ay) = N(Ap)*.

Proof. It follows from hypotheses (H1)-(H3) and (H4') that the formula
(2.27) defines an equivalent scalar product on the factor space H/N(Ay).
Applying the Riesz—Fréchet theorem, we conclude that the quotient map of
Ay with respect to its kernel N(Ay) is an isomorphism of H/N(Ay) onto the
dual space of H/N(Ay), i.e., onto N(Af)L; see, e.g., Rudin [121], Theorem
4.9.

Now we prove the following important theorem:

Theorem 2.19. Assume (H1)-(H3) and (Hj'). Then R(A;) = N(Az)*t is
the set of controllable states for the problem (2.26).

Proof. If V; is a controllable state, then it is orthogonal to N(Ay), so that
Vo belongs to R(Ay) by the equality just proved. Indeed, if W : [0,T] — G’ is
a suitable control for Vp, then we have for every Uy € N(Ay) the equality

T
0 :/ (U V' + AV + BW) dt
0

T T

= (U(T),V(T))—(UO,VO>+/ (=U"+ AU, V) dt+/ (BU, W) dt
0 0

= _<U07%>7

because the first two integrals vanish by (2.25) and (2.26), V/(T') = 0 by the
choice of W, and BU = 0 a.e. on [0, T] because Uy is a nonobservable state.
Thus V} is orthogonal to every Uy € N(Ay).
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Conversely, every Vy € R(Ay) is controllable. Indeed, choose Uy € H such
that A;Uy = V, (this is possible because Ay is surjective by the preceding
lemma) and consider the control

W (t) = F()JBU (1),

where U is the solution of (2.25) and J : G — G’ is the canonical Riesz
isomorphism. Now, if Ur € H and U denotes the solution of the problem

U =AU, U(T)=Ur, (2.28)

then we have the following equality:
T ~
0 :/ (U, VI + A"V + B*W) dt
0

~ ~ T ~ ~ T ~
:(UT,V(T)>—(U(0),V0>+/ (U + AU, V) dt+/ (BU, W) dt
0 0
= (Ur,V(T)).

Indeed, the first two integrals vanish by (2.26) and (2.28), and we have

T T
| 0wy de= [ p0B00.BU®) & = ©(0). 4,00 = (©0).i).

Thus V(T is orthogonal to every Ur € H, so that V(T') = 0.

Next we have the following generalization of Theorem 2.14 (p. 24). Let us
introduce the same operator A, as there.'®

Theorem 2.20. Assume (H1)-(H3) and (H{'), and fix w > 0 arbitrarily.
Then the problem

V' = (=A* - B*JBA;Y)V, V(0) =V, (2.29)

is well-posed in R(A,) = N(A,)*. Furthermore, there exists a constant M
such that the solutions of (2.29) satisfy the estimates

IV (&)l < M||Vollrre"
for all Vo € R(Ay) and for all t > 0.

Proof. For simplicity we prove the theorem only in the finite-dimensional
case.

First we show that N(A,) is an invariant subspace of A. Indeed, if Uy
belongs to N(A,,), then BA*Uy = 0 for all k = 0,1,.... Hence BA* AU, = 0
forall k =0,1,..., whence AUy € N(A,).

16We should write A.,, instead of A, but we prefer to keep the earlier notation.
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Next we prove that R(A,) is an invariant subspace of the operator
—A* - B*JBASL.
Indeed, first of all,
(A* + B*JBANVy = (A" A, + B*IB)Uy

is well-defined for all Vj = A,Up € R(A,); i.e., its value does not depend on
the particular choice of Uy. This follows from the fact that if Uy € N(Ay),
then BUy = 0.

It remains to show that

(A*A, + B*JB)Uy L N(A,).
If Uy € N(A,), then

(A" Ay + B*IB)Uo, Us) = (AU, AUo) + (BUy, BUy)
= (Uy, A, AUy + (BUy, BUy)
=0
because A%AUO = 0 by the A-invariance of N(A,) and BU, = 0 by the
condition Uy € N(A).

It follows from what we proved that the problem (2.29) is well-posed in
R(A,). We may now repeat the proof of Theorem 2.14.
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Well-Posedness in a Riesz Basis Setting

In many problems of practical interest, the infinitesimal generator of the semi-
group has an additional property: it is diagonalizable in some simple sense.
This aspect simplifies the structure of the solutions, and also turns to be useful
when we study the observability properties of these systems. In this chapter
we prove a general existence theorem for such operators, and we give a large
number of examples where this theorem applies.

3.1 An Abstract Existence Theorem

We are going to investigate the well-posedness of the problem
U =AU, U(0)= Uy, (3.1)

in a complex Hilbert space H, where A is a (bounded or unbounded) linear
operator defined on some linear subspace of H, with values in H.

If 'H is finite-dimensional, then a classical theorem of Jordan ensures the
existence of a basis formed by ordinary and generalized eigenvectors of A.
More precisely, there exist a basis

{Epe : k=1,...,K, (=1,...,my}
of H and complex numbers
ey, k=1,... K,
such that, putting Ej ¢ := 0 for simplicity, we have
AEg o = NeEp o+ Er o1

for all k and ¢. Then the solution of (3.1) is given by the formula
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K my (-1 t Apt
f) = ZZUk’EFk’Z(t) with Fkg ) kg_j,
k=1 ¢=1 j=0 J:

where the complex numbers Uy, ¢ are the coefficients of the initial value Up in

our basis:
K mp

Uyp = Z Z Uk, eEy e

k=1 /¢=1

Indeed, this follows easily from the relations

Fyo(t) = MeFieo(t) + Fre-1(2),
AFy () = Mo Freo(t) + Fro-1(t),

and

Fr¢(0) = Ey 4,

where we have put Fj, o(t) := 0.
Note that since H is finite-dimensional, we have the estimates

K my K my
c1 ZZ|UM|2 < || < CQZZ|Uk,Z|2
k=1 (=1 k=1 (=1

with two positive! constants c;,co, independent of the particular choice of
Uy € H.

Remark. In the sequel we often write A < B instead of ¢c;A < B < ¢2 A for
brevity if we do not need to use explicitly the constants c1, co. For example,
the above relation is equivalent to

K my

0ol = D> sl

k=1 /¢=1

In all such estimates, the constants ¢y, co will be assumed to be independent
of the particular choice of the initial data.

Now consider the infinite-dimensional case. The following assumption will
be satisfied in almost all examples of this book:

(RB) There exist a Riesz basis
{Ek,é c keK, ézl,...,mk}

of H and complex numbers

n this book positive means strictly positive; otherwise, we use the adjective
nonnegative.
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Ae, k€K,
such that, putting Ej, ¢ := 0 for simplicity, we have

AEg o = NeEg o+ Er o1

for all k, £. Moreover,

o |\;| — o0, ie., the family {A;} has no finite accumulation points;
o sup|RA;| < oo;
® supmy < Q.

In this book, K will always be a countable infinite set. Usually K is a set of
integers, but sometimes it will be more natural to choose other index sets K.

Let us recall the definition of the Riesz basis: every Uy € H has a unique
convergent expansion

mg
Uo= Y UriBry, (3.2)

keK (=1

and the coefficients of this expansion satisfy the estimates

my
Tol” = > Y Ukl

keK (=1

i.e.

my mi
Y Y Ul < Uol* < e Y Ukl (3.3)

keK t=1 keK t=1
with two constants ¢y, co > 0, independent of the particular choice of Uy € H.

Remark. There is no ambiguity about the interpretation of the convergence:
as in the case of orthogonal series, the series encountered here and later have
only countably many nonzero terms, and they converge unconditionally; i.e.,
we can arrange the terms in a sequence in an arbitrary order.?

Example. The simplest case is that of A a skew-adjoint operator having a
compact resolvent. Then A is diagonalizable. Moreover, H has an orthonormal
basis formed by ordinary eigenvectors of A; i.e., my = 1 for all k, and all
eigenvalues are purely imaginary. Hence Parseval’s equality holds: we may
take ¢ = ¢ = 1 in (3.3). However, this framework is too restrictive for the
study of many natural problems considered in this book.

Let us denote by Z the linear hull of the basis vectors Ej ¢; then Z is
a dense subspace of H. If Uy € Z, then its expansion (3.2) has only finitely
many nonzero terms, so that it is natural to define the corresponding solution
of (3.1) by

2 Alternatively, we could have used the elegant but less familiar concept of sums
of families as discussed, e.g., in Halmos [46].
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mg £— 1 Akt
f) = Z Z Uk,ng’g(t) with Fk g —j- (34)
kEK (=1 =0

Clearly, U : R — H belongs to the class C*°.
As a consequence of assumption (RB) we may define a solution of (3.1)
by (3.2) and (3.4) for all Uy € H:

Theorem 3.1. Assume (RB). Given Uy € H arbitrarily, the series (3.4),
where the coefficients Uy o are defined by (3.2), converges, locally uniformly
with respect to t, to a continuous function U : R — H. It will be called the
solution of (3.1).
Moreover, there exist two continuous and positive functions cs,cq : R — R
such that
s Uol* < IU)II7 < ea(t)l| o] (3.5)

for allt € R.

Proof. Let us arrange the terms in a sequence indexed by the positive integers
and let us introduce the partial sums

of the series (3.4). Put
m:=maxmg and « := sup|R\g]

for brevity. Using the definition of Fj ¢(t), applying the inequality between
arithmetic and quadratic means, and finally using the Riesz basis inequality
(3.3), we have for all p < ¢ and t € R the following estimates:

00 - U0 = | S S vsrsto)|

k=p+1 £=1

5 S weana]

{=1 p<k<gq:
meZ

SmZH Z Uk,eFk,e(f)H2

{=1 p<k<gq:
my >4

—mY| T ZU“”"

=1 p<k<gq: j=0
mg >4
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-1

S S0 3 S A

(=1 p<k<q: j=0

mk>l
S W Sp SN
: k=p+1 (=1
Putting
m—1 .
12

c(t) := mege?@tl
(= meac™ D G

we therefore have

1U(t) = Up()II* < e(t Z ZIUMIQ

k=p+1 (=1

The last expression tends to zero as p — oo, because

oo myg

DD kel < \UOII2<OO

k=1 /¢=1

Furthermore, the convergence is uniform on every bounded interval I because
the continuous function c¢(t) is bounded on I. It follows that (Up(t)) is a
Cauchy sequence in H for each ¢, and that the Cauchy property is uniform on
every bounded interval I. Since H is complete, U, converges locally uniformly
to a continuous function U.

It remains to establish (3.5). Choosing p = 0 in the above computation
and then letting ¢ — 0o, we obtain that

oo myg

U@ < et) YD kel

k=1 =1
Using the Riesz basis property (3.3), we see that the right estimate of (3.5)
follows with c4(t) = ¢(t)/c1.
The left estimate then easily follows by using the time invariance of the
equation (3.1). Indeed, for any fixed ¢t € R, changing the initial data Uy to
Vo := U(t) and denoting the corresponding solution of (3.1) by V', we have

1To]l* = V(=) < ea(=0)[VolI* = ea(=)lU (®)]%,
so that the first estimate of (3.5) is satisfied with c3(t) = 1/ca(—t).
Remarks.

e For each fixed t € R, the formula Uy +— U(t) defines an automorphism of
H. Denoting it by e, one can readily verify that e%A is the identity map
of H and that esAetA = e(st94 for all real s and ¢. The operator A is said
to generate a group (e!) of automorphisms of H.



38 3 Well-Posedness in a Riesz Basis Setting

e In the skew-adjoint case we have ¢; = co = 1in (3.3) and c3(t) = cu(t) =1
in (3.5), so that A generates a group (e) of isometries of H. The above
proof also shows that in this case the convergence U (t) — U (t) is uniform
inteR.

e Fix a real number s and denote by H* the completion of Z (the linear hull
of the basis vectors Ej, ¢) with respect to the Euclidean norm defined by

the formula
my
2s
1Tol3es = > (14 1el) ™ Uk el
keK (=1

we have H° = H, while for s > r we have H® C H" with a dense and
continuous inclusion. It is easy to verify that hypothesis (RB) is satisfied
in each space H® with the same eigenvalues A\; and with the renormalized
family

{A+Me]) "Bre : keK, £=1,...,my}

as a Riesz basis.? Hence Theorem 3.1 remains valid in these spaces. For
s > 0 this leads to important regularity properties: if the initial value Uy
belongs to the smaller space H?® instead of H, then the solution of (3.1) is
more regular. For s < 0 we obtain the existence of solutions of (3.1) if the
initial data belong only to a larger space H?® instead of H: we still have a
natural solution, but it is less regular than before.

Let us give some examples.

3.2 Wave Equation with Dirichlet Boundary Condition
Consider the problem

v’ — Au+au=0 in R x 2,
u=0 on RxT, (3.6)
u(0)=wy and ¥ (0)=wu; in £,

where {2 is a nonempty bounded open set in RY with boundary I', and a a
real number.? In order to simplify the exposition we usually assume that 2
is of class C*°. The energy of the solution is defined by

1
B)=, /Q|Vu(t,x)|2 + () dz, tER.

3If A\x # 0 for all k, then the above definitions may be simplified by changing
1+ |)\k‘ to ‘)\k|

“Here and in all later examples, we could have chosen for example a real-valued
function a € L°°(£2) instead of a constant: our proofs would adapt to this more
general case without difficulty.
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Applying the spectral theorem to the Laplacian operator with homoge-
neous Dirichlet boundary conditions, we see that L?(§2) has an orthonormal
basis e, ea,..., formed by eigenfunctions of —A, associated with positive
eigenvalues vy, tending to oo:

e ¢, belongs to H(92);
e ¢ belongs to C°°(£2) and —Aey, = yre in §2;
o Vi >0;
o Vi — 00.5
0.29
o 05 1 15 2 25 3 “osl
Fig. 3.1. Graph of e; Fig. 3.2. Graph of ez
0.2 0.2
—-0.8 —0.8
Fig. 3.3. Graph of e3 Fig. 3.4. Graph of es

S5For example, in the one-dimensional case £2 = (0, 7) such an orthonormal basis
is given by the functions ey := \/2/77 sin kx, corresponding to the eigenvalues i =
k2, k=1,2,.... See Figures 3.1-3.4.
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Setting® y
Wk = V7 + a,

we have the following result:
Proposition 3.2. If

up € HY () and wuy € L*(0),
then (3.6) has a unique solution satisfying

u € C(R; Hy(2)) N CHR; L (2)).

It is given by a series’

u(t,z) = Z(akei‘”’“t +a_pe ey (x)
k=1

with suitable complex coefficients ar and a—y such that

[e.e]
Z%(|ak|2 + |(Z_k|2) < 0.
k=1

Moreover,
BE0) = > vk (lax” + la—xl?),
k=1

and there exist two positive functions c1,co : R — R, independent of the choice
of the initial data, such that

c1(t)E(0) < E(t) < ca(t)E(0)

for allt € R.
Proof. We rewrite the problem (3.6) in the form (3.1) by setting
U:=(u,u'), Up:=(ug,u1), and A(u,v):= (v,Au— au).

Let us denote by Z the linear hull of the eigenfunctions e, and define the
domain of A by D(A) :=Z x Z.
We distinguish three cases.

First case. If 4, > —a for all k, then all numbers wy, are real and positive.
Then one may readily verify that the vectors

STf v, 4+ a < 0 for some k, then we choose any one of the two square roots. Since
v, — 00, this can happen only for finitely many indices.

"If wy, = 0 for some k, then the term ape’rt fa_pe @kt

is replaced by ar +a—_t.
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1
Eik,l = (ek,:lziwkek), k = 1,2,...,

a VA + w2

are (ordinary) eigenvectors of A with purely imaginary eigenvalues fiwy.
Moreover, they form an orthonormal basis in the Hilbert space

1/2
H = HY(2) x L3(Q), |[(u, )|l == (/Q|Vu|2 +lof? dz) "

Hence the assumptions of Theorem 3.1 are satisfied with m; = 1 for all
k € Z\{0}: we are in the skew-adjoint case. Putting w_j, := —wy, we see that
the corresponding solution of (3.1) is given by the series

Ut)y= > Uk1€*'Epy,
KEZ\{0}

and its first component provides the expression of the solution u(t, x) of (3.6)
with
Uk,1

Ve + w2
The desired estimates follow by noting that

Atk k=1,2,....

1
E@) = UM and v+l = .

Second case. If some of the numbers 7, 4+ a are negative but none of them
is equal to zero, then the above defined ordinary eigenvectors still form an
orthonormal basis of H, but a finite number of the eigenvalues +iwy are no
longer purely imaginary. Otherwise, the proof remains unchanged.

Third case. If w,, = 0 for some k (this can happen only for finitely many
indices), then we replace Ej 1 and E_j; by

Ei1:=(ex,0) and Ej2:=(0,ex)
in the proof. Then
Up 1€ ' By +U_p1e " E ;4
in the expression of U(t) is replaced by
Uk1Eky + Uk2(Erz2 + tEx1),
which provides the desired expression of u(t, ) with

ap = Uk,l and aQ_p = Uk,g.
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Remark. Using the last remark of the preceding section, we may obtain an
infinite family of variants of Proposition 3.2 by strengthening or weakening
the norms and the “energy” of the solutions. Indeed, fix a real number s and
denote by D?® the completion of Z with respect to the Euclidean norm defined

by the formula
5
k=1

For some particular values of s, D* is a usual Sobolev space; for example,

2 oo
= )

DY =1*(2), D'=Hj(2), D*=H*Q)NH)2), D '=H Q).

One may readily verify that H® = D**! x D* (up to a norm equivalence)
with the notation of the preceding proof. This leads to a generalization of the
preceding proposition, by replacing

Hy(2), L*(2), ~, and E(t)

by

S S S 1
D D ot and El(t) = 2(HU(f)H§+1 + 1l @)112),

respectively, where u(t, x) is still given by the same formula.

3.3 Wave Equation with Neumann Boundary Condition
Next consider the problem

v’ — Au+au=0 in R x £,

Ou=0 on RxT, (3.7)

u(0) =wup and w'(0)=wu; in £,
with (2, I', and a as in the preceding section. Here and in the sequel we denote
by v the outward unit normal vector to I', and by g;f or J,u the normal
derivative of u. For convenience, the “energy” of the solution is defined by

1
B = [ fult.o) + [Vu(t. o) + '(t0) de, teR
(9]

It follows from the spectral theorem applied to the Laplacian operator with
homogeneous Neumann boundary condition that L?(£2) has an orthonormal
basis eq, ea,. .., formed by eigenfunctions of —A, associated with nonnegative
eigenvalues 7, tending to oo, only one of which is equal to zero:

e ¢, belongs to H%(£2) and d,e;, =0 on I}
e ¢ belongs to C*°(£2) and —Aey, = ey in £2;
o yy=0and~, >0if k> 2;
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° 7k—>oo.8

1 os
0.6
0.8
0.4
0.6 0.2
v
o 05 1 15 2 255 3
0.4+ x
-0.2
o0z 0.4
0.6
° o5 1 18] 2 25 3 o8l
Fig. 3.5. Graph of e; Fig. 3.6. Graph of e
0.8 0.8
0.6 0.6
0.4+ 0.4
0.2 0.2
o o5 1 15 2 25 3 o o. 1 1 2 2’5 3
—0.2 —0.2
—0.4 —0.4
-0.64 0.6
-0.84 0.8
Fig. 3.7. Graph of es Fig. 3.8. Graph of ey
Setting?
wr =V +a

we have the following proposition:
Proposition 3.3. If

up € HY(2) and wuy € L*(0),
then (3.7) has a unique solution satisfying

8For example, in the one-dimensional case §2 = (0, ), such an orthonormal basis
is given by the functions e; = /1/7 and e, := /2/mcos(k — 1)z for k > 2,
corresponding to the eigenvalues v = (k — 1)%, k = 1,2,... See Figures 3.5-3.8.

Tf v, 4+ a < 0 for some k, then we choose any one of the two square roots. As in
the preceding section, vx + a > 0 for all but finitely many indices.
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u € C(R; HY(2)) N CH(R; L*(2)).

It is given by a series™”

oo
x) = Z(akei‘”’“t + a_re” ey (2)
k=1
with suitable complex coefficients ar and a—_y such that
oo
Z (14 71) (Jar* + |a—k|?) <
k=1

Moreover,

(L +5) (Jar* + la—k[?),

Mg

E(0) =

b
I

1

and there exist two positive functions c1,co : R — R, independent of the choice
of the initial data, such that

() E(0) < E(t) < ea(t)E(0)
for allt € R.
Proof. We rewrite the problem (3.7) in the form (3.1) by again setting
U:=(u,u'), Up:=(ug,u1), and A(u,v):= (v,Au— au).

Let us denote by Z the linear hull of the eigenfunctions e, and define the
domain of A by D(A) :=2Z x Z.

We may repeat the proof of Proposition 3.2 by working in the Hilbert
space

1/2
M= HY(2) % @), o)l ( [ Juf + [Va? + o dz)
2

and by changing v to 1 4 7 everywhere.

Remark. As in the preceding section, it is possible to formulate an infinite
family of analogous propositions by considering more or less regular initial
data. Introducing the spaces D? as in the preceding section but by using the
new orthonormal basis (ej) considered above, we have, for example,

D’ =1%*9%), D'=H'(2), D*={veH*2): dwv=0 on I}

Now for each fixed real number s a variant of Proposition 3.3 is obtained
if we replace

10T wy, = 0 for some k, then the term are™rt 4 a_pe @kt g replaced by ax+a—_xt.
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HY(92), L*2), 1+, and E(t),
respectively, by

S S S 1
DDt (L), and Ey(t) = ([u®)]Ze + [/ @)3),

and we keep the same formula for u(t, x).
We shall use later the case s = —1: then the energy is given by the formula

1
E_i(t) := ) /Q|u(t,gc)|2 + VAW (t,2)|? da.

Here A maps D' onto D', and A~'v is defined only up to an additive
constant (a multiple of ;). But VA~!v is uniquely defined.

3.4 Wave Equation with Mixed Boundary Conditions

Next consider the more complex problem

u" — Au+au=0 in R x £,
u=20 on R x I, (3.8)
d,u =0 on R xI7,

u(0) =uy and «'(0)=wu; in £,

with the same assumptions and notation as in the preceding two sections.
Furthermore, we assume that I is a nonempty both open and closed subset
of I', and It = I'\Ily. If Iy = I', then this model reduces to the case of
Dirichlet boundary conditions considered in Section 3.2.!

Examples.

e The last condition is obviously satisfied in the Dirichlet case in which
Iy=1I and I = 0.

e The condition is also satisfied if {2 is an annular region and Iy, I} are its
outer and inner boundaries, respectively.

e A third case in which this condition is satisfied is that of 2 a one-
dimensional interval (0,¢) and I'y = {0}, I} = {¢}.

Under these assumptions the spectral theorem implies the existence of
an orthonormal basis ej, es,...of L?(§2), formed by eigenfunctions of —A,
associated with positive eigenvalues v, tending to oo:

e ¢, belongs to H%(£2), e, = 0 on Iy and d,e, = 0 on I7;

1 The above assumptions are satisfied, for example, if I is a connected component
of the boundary. More general partitions of the boundary were considered, e.g., by
Grisvard [45], Komornik and Zuazua [83], and Bey, Lohéac, and Moussaoui [15].
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e ¢ belongs to C°°(£2) and —Aey, = yrey in §2;

o v >0 for all k,

o  — 00.12

0-87 0.8
0.6
0.6 0.4
0.2

0.4
o 0’5 1 15 2 2’5 3
x
0.2
0.2
—0.4
-0.6
o o5 1 15 2 25 3 “osl
Fig. 3.9. Graph of e; Fig. 3.10. Graph of e2

0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2]

o 05 i 15 2 2[5 3 o 05 A 15 2 25 3

x x
—0.2 —0.2
—0.4 —0.4
-0.6 -0.6
08 —o08
Fig. 3.11. Graph of e3 Fig. 3.12. Graph of eq

Let us introduce the Hilbert space

1/2
Hp(2):={veH'(2) : v=0 on Ip}, |v]:= (/ |Vol? dw)
7}

2For example, in the one-dimensional case 2 = (0,7) with Iy = {0} such an
orthonormal basis is given by the functions ey, := \/2/7sin(k — (1/2))z for k > 1,
corresponding to the eigenvalues v, = (k — (1/2))%. See Figures 3.9-3.12.
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Setting!?
Wg 1= \/'yk +a

)

and defining the “energy” of the solution by the formula

1
E(t) := ) / |Vu(t, z)|? + [u'(t, 2)|* dz, tER,
Q

we have the following result:
Proposition 3.4. If

up € Hp (2) and uy € L*(92),
then (3.8) has a unique solution satisfying

ue C(R;Hp, (2)) NCH(R; L*(£2)).

It is given by a series'*

u(t,r) = Y (are™ ' +a_pe”“r)ey ()

NE

el
Il

1

with suitable complex coefficients ar and a—_y such that
o0
Z’yk(|ak|2 + |a_k|2) < 00.
k=1

Moreover,

E(0) <> vk (lanl® + la_[?),

k=1

47

and there exist two positive functions c1,co : R — R, independent of the choice

of the initial data, such that
C1 (t)E(O) S E(t) S Cg(t)E(O)

for allt € R.

Proof. This is a straightforward generalization of the proof of Proposition

3.2 obtained by working in the Hilbert space

1/2
Mo (@) < (@), (o)l ([ [Vl + o do)

131f v 4+ a < 0 for some k, then we choose any one of the two square roots. As in

the preceding section, v, + a > 0 for all but finitely many indices.
Y1f wy, = 0 for some k, then the term arpe™*! +a_pe *nt

is replaced by ar +a_t.
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3.5 A Petrovsky System with Hinged Boundary
Conditions

Now consider the problem

' + A%u+au=0 in R x 2,
u=Au=0 on RxT, (3.9)
u(0) =up and ' (0)=wu; in (2.

Define the energy of the solutions by the formula

1
B =, /Q|u(t,x)|2 | Ault,2)? + o/ (1, 2)? de, tER.

Consider in the Hilbert space L?(§2) the same orthonormal basis e,
€2,...as in the case of the wave equation with Dirichlet boundary condition
in Section 3.2, and set!®

Wk 1= \/7,3 + a.
Proposition 3.5. If
ug € H*(2) N Hy ($2) and  uy € L*(0),
then (3.9) has a unique solution
u € C(R; H*(2) N Hy(2)) N CHR; L*(12)).

It is given by a series'®

(ape™*t + a_pe ™ ey ()

NE

u(t,x) =

el
Il

1

with suitable complex coefficients ar and a—y such that
o0
Z'y,z(|ak|2 +la—k|?) < oco.

k=1
Moreover,
E(©0) =< Y i (lak® +lax[*),
k=1
and there exist two positive functions c1,co : R — R, independent of the choice
of the initial data, such that
c1(t)E(0) < E(t) < ca(t)E(0)
for allt € R.

151f 42 + a < 0 for some k, then we choose any one of the two square roots.

161 wy, = 0 for some k, then the term are™rt 4 a_pe @kt g replaced by ax+a—_xt.



3.5 A Petrovsky System with Hinged Boundary Conditions 49
Proof. We rewrite the problem (3.9) in the form (3.1) by setting
U= (u,u'), Up:= (uo,u1), and A(u,v):= (v,—A%u — au).

Let us denote by Z the linear hull of the eigenfunctions e, and define the
domain of A by D(A) := Z x Z. We may repeat the proof of Proposition 3.2
by working this time in the Hilbert space

Ho— (HQ(Q)QH&(Q)) ><L2(Q), ||(U,U)||H = (/Q|u|2+|Au|2+|U|2 d$>1/27

and by changing v to '7,3 everywhere in the proof.

As in the preceding problems, we may obtain infinitely many variants of
the above proposition. Indeed, introducing the same Hilbert spaces D? as in
Section 3.2 (p. 38), we may replace for every fixed real number s,

HY Q)N HY(Q), LXQ), A7 and E(),
respectively, by
S S S 1
DY Dt R and Ey(t) = (lult )5 + WG )13)

Let us mention two particular cases for later reference:

e (Case s=1.) For
up €D ={ve H*(N) : v=Av=0 on I} and wu; € Hj(92)

the solutions of (3.9) satisfy the estimates

E1(0) = > i (Jaxl* + las]?),
k=1

where the solution is given by the same series as before, and
1
Eq(t) = N / |V Au(t, )|? + |Vu/(t,x)|* dz, teR.
Q

Indeed, we have only to observe that the formula

1 2

lv]| == |V Av|* dz
2Ja

defines an equivalent norm on D?3.
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o (Case s = —1.) For ug € Hi(£2) and vy € H~(£2) the solutions of (3.9)
satisfy the estimates

E_1(0) <) v (lawl? + la—il),
k=1

where the solution is given by the same series as before, and
1
E_i(t) := ) / |Vu(t,z)|> + VA W (t,2)|* dov, tER,
Q

where A™! denotes the inverse of the isometric anti-isomorphism A :
HY(2) - H7Y0).

3.6 A Petrovsky System with Guided Boundary
Conditions

Next consider the problem

W+ A2u+au=0 in Rx £,
Byu = 0, Au =0 on RxI, (3.10)
u(0) =up and ' (0)=wu; in 2.

Define the energy of the solution by
1
E(t) := ) / lu(t, z)|? 4+ |Au(t, 2)|* + |u/(t,z)|* dz, tER.
Q

Consider in the Hilbert space H := L?({2) the same orthonormal basis ey,
€2,...as in the case of the wave equation with Neumann boundary condition
in Section 3.3, and set'”

Wy = \/’y,f +a.
Introducing the Hilbert space
Vi={ve H*2) : 9,v=0 on I}
with the norm

1/2
Joll = ([ of? + 140f az) "

we have the following proposition:

171 42 + a < 0 for some k, then we choose any one of the two square roots.
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Proposition 3.6. If ug € V and uy € H, then (3.10) has a unique solution
ue€ CR;V)NCHR; H).

It is given by a series

(ape™*t + a_pe ™ ey ()

NE

u(t,x) =

el
Il

1

with suitable complex coefficients ar and a—y such that
o
D) (Jarl® + la—il*) < co.
k=1

Moreover,
o0

E(0) = Y (1 +7)* (Jaxl* + la—x]?),

k=1
and there exist two positive functions c1,co : R — R, independent of the choice
of the initial data, such that

() E(0) < E(t) < ea(t)E(0)
for allt € R.
Proof. We rewrite the problem (3.10) in the form (3.1) by setting
U:=(u,2), Uy:=(uo,u1), and A(u,v):= (v, A% — au).

Let us denote by Z the linear hull of the eigenfunctions e, and define the
domain of A by D(A) := Z x Z. Then we can repeat the proof of Proposition
3.2, working this time in the Hilbert space H :=V x H.

As before, we obtain many variants of the above proposition by introducing
the same Hilbert spaces D* as in Section 3.3 (p. 42), and replacing for any
fixed real number s,

V, H, (14~)% and E(t),

respectively, by

S S S 1
DYDY (L), and Ey() = (lult )32 + 0/()12)

We shall use later the case s = —2: then the energy is given by

1
Eoa(t) =, /Q|u(t,x)|2 AW (o) de, tER.

181f wy, = 0 for some k, then the term are™rt 4 a_pe @kt g replaced by ax+a—_xt.
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3.7 A Petrovsky System with Mixed Boundary
Conditions

Consider finally the problem

'+ A%u+au=0 in Rx {2,
u=Au=0 on R x Iy, (3.11)
O,u=0,Au=0 on R x I,

u(0) =wup and «'(0)=wu; in £

)

with the same assumptions and notation as in Section 3.4. Let us also in-

troduce the same orthonormal basis ey, ea,...of H := L%(£2) and the same
eigenvalues .

Define the energy of the solution by

1
B = [ fult.o)? +|du(t. o) + u'(t0) do, teR
0
Introducing the Hilbert space

Vi={veH*2) :v=0 on I, and 9,v=0 on I}

9 9 1/2
Jolly = ([ Jof + 40P dz)
2
Wik =\/72—|—a,

we have the following generalization of Proposition 3.5 (p. 48):

with the norm
and setting
Proposition 3.7. If ug € V and uy € H, then (3.11) has a unique solution

u e C(R; V)N CYR; H).

It is given by a series™®

M2

u(t,x) =

(ape™*t + a_pe ™ ey ()

el
Il

1

with suitable complex coefficients ar and a—_y such that

> (14 yw)? (Jarl® + |a—k]?) < oo
k=1

Moreover,

19T wy, = 0 for some k, then the term are™rt 4 a_pe @kt g replaced by ax+a—_xt.
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oo

E0) = Y (1+7)*(Jaxl® + la—i[?),
k=1

and there exist two positive functions c1,co : R — R, independent of the choice
of the initial data, such that

c1(t)E(0) < E(t) < ea(t)E(0)
for allt € R.
Proof. We rewrite the problem (3.11) in the form (3.1) by setting
U= (u,u), Up:= (uo,u1), and A(u,v):= (v,—A% — au).

Let us denote by Z the linear hull of the eigenfunctions e, and define the
domain of A by D(A) := Z x Z. Then we can repeat the proof of Proposition
3.2, working this time in the Hilbert space H :=V x H.

3.8 A Coupled System

Fix four complex numbers a, b, ¢, d and consider the following coupled system
formed by a wave equation and a Petrovsky system:

v — Au+au+bw =0 in R x §2,

w' + A2w4cu+dw=0 in Rx £,

u=20 on R x T (3.12)
w=Aw=0 on R xT,

u(0)=up and w(0)=w; in £

w(0) =wy and w'(0)=w; in {2

We define the energy of the solution by the formula?®
1
B(t) =, / [Vu(t, o)+ u'(t, o) P+ Vw(t, 2) P+ VAT (¢, 2) [ de, € R.
0
The well-posedness of this problem easily follows from the earlier results if we
appply the basic theory of semigroups:
Proposition 3.8. Given
up € Hy(2), w € L3(2), wo € HY (), and wy € H'(02)
arbitrarily, the problem (3.12) has a unique solution satisfying
u € C(R; Hy(2)) N CH(R; L*(£2))

and
w e C(R; Hy (2)) NCHR; H1(02)).

20As in Section 3.5, A™! denotes the inverse of the restriction of A to Hg(£2).
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Proof. If b = ¢ = 0, then the system is uncoupled, and the result follows at
once from Proposition 3.2 and the variant s = —1 of Proposition 3.5 (pp. 40
and 48). The general case then easily follows from the theory of semigroups,
because the terms bw and cu represent a bounded perturbation of the infinites-
imal generator of the semigroup associated with the uncoupled system.

Let us also give a direct proof by applying the abstract Theorem 3.1. For
this, let us rewrite the problem (3.12) in the form

U =AU, U(0) = Uy,
by putting
U= (u,w,u,w"), U= (ug,wo,ur,w),
and
Au, w, v, 2) := (v, 2, Au — au — bw, —A*w — cu — dw)

with

D(A):=ZxZxZxZ,
where Z denotes the linear hull of the Dirichlet eigenfunctions e, es,...as in

Sections 3.2 and 3.5 (pp. 38, 48), with the same eigenvalues 1, 7a,. . . as there.
Let us also introduce the Hilbert space

H = Hy(2) x H}(2) x L*(2) x H 1 (02);

then 1
Bt =, U@

Proposition 3.9. The operator A satisfies hypothesis (RB) (p. 34) in the
Hilbert space H. Moreover, we can choose the corresponding Riesz basis in the
form

{Br; : k=1,2,..., j=1,2,3,4}

with corresponding eigenvalues iwy ; so as to have the following asymptotic
behavior as k — oo:

,7—1/2 ,7—1/2
k k
1) o(1)
Ea=| o Ejpo = 3.13
LT (1) | P B2 o) | P (3.13)
o(1) o(1)
o 9
_ Ve _ e
Eys = o(1) €k, Epy4= o(1) er, (3.14)

and
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Wi,1 = /7 +o(1), wi,2 = —/7k +o(1), (3.15)
wk,3 = Yk +0(1), Wi = =k + 0(1). (3.16)
Furthermore, we have wy 2 = —wg,1 and wi 4 = —wy 3 for all k.

Finally, if a, b, ¢, d are real numbers, then the numbers wy ; are also real
for all sufficiently large k.

Proof. Consider the 4 x 4 matrices

0 0 10
0 0 01
Av=|_ 4 b ool F=L2-

—c =4 —-d00

For each fixed k, by Jordan’s theorem C* has a basis Apa, Ak, Aks, Aka
formed by ordinary or generalized eigenvectors of Ay with corresponding
eigenvalues twy, 1, iWg,2, twk,3, and iwy, 4 such that wi o = —wk 1, Wka = —Wk, 3,
and

—2w,371:—2w,%72=’y;%+d+%+a+\/(’y,f—i-d—wlc—a)?—i-élbc

and

_2‘*’2,3:—2“2,4:%34'0“-%4-&—\/('y,%+d—7k—a)2+4bc.

Since v — 00, the relations (3.15)—(3.16) follow by a direct computation. It
follows that Ay has four distinct eigenvalues if k is sufficiently large. Further-
more, a direct computation also shows that we can normalize the eigenvectors
Ay ;, so that, by putting Ej ; := Ay jer the relations (3.13)-(3.14) are also
satisfied.

It is clear from the construction that the linear hull of the family {Ej ;}
isequal to Z x Z x Z x Z, so that it is dense in H. The Riesz basis property
now easily follows by observing that the four-dimensional subspaces spanned
by {Ek,1, Ek 2, Bk 3, Ey 4} are mutually orthogonal and that the four spanning
vectors closer and closer to being orthogonal as k — oc; i.e.,

(Bk,js Ek,n)H

— 0
| Bk |l - |1 Bk

|
if j #mn.

Analogous results hold if we change the boundary conditions in (3.12) as
follows:

u — Au+ au+bw =0 in R x £,

w” + A?w + cu + dw = 0 in Rx {2,

dyu=0 on R x T, (3.17)
Oyw=090,Aw =0 on R x T,

u(0)=wup and ¥ (0)=wu; in £,

w(0) =wy and w'(0)=w; in {2
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Setting
Vi={ve H* ) : ,v=0 on I}

1/2
lelly = (/Q|v|2 +|vf dr)

for brevity, we see that the new problem is well-posed in the following sense:

and

Proposition 3.10. For arbitrary
up € HY(2), w € L*(2), wo €V, and w; € L*(0),
the problem (3.17) has a unique solution satisfying
u e C(R; H'Y(2)) NCYR; L (1))

and
we C(R; V)N CHR; L2(2)).

Proof. If b = ¢ = 0, then the system is uncoupled, and the result follows at
once from Propositions 3.3 and 3.6 (pp. 43 and 51). The general case then
easily follows from the theory of semigroups, because the terms bw and cu rep-
resent a bounded perturbation of the infinitesimal generator of the semigroup
associated with the uncoupled system.

Remark. We can rewrite the problem (3.17) in the form
U' =AU, U(0)= Uy,

with the only change that now Z denotes the linear hull of the Neumann
eigenfunctions eq, es,...as in Sections 3.3 and 3.6 (pp. 42, 50). Introducing
now the Hilbert space

H = H'Y(02) x V x L*(2) x L*(1),

we see that Proposition 3.9 remains valid verbatim, with the same proof.
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Observability of Strings

In this chapter we introduce two important generalizations of Parseval’s equal-
ity. They enable us to solve several simple but already nontrivial problems
concerning the observability of strings.

Throughout this chapter it will be convenient to use the notation ux :=
VYk; then 1+ py < k.

4.1 Strings with Free Endpoints I

We begin by generalizing and completing Proposition 1.1 (p. 2). Fix a positive
number £/, a real number a, and consider the following system:
Ut — Ugy +au =0 in R x(0,4),
Uy (t,0) = uy(t,€) =0 for teR,
u(0,z) = uo(x) for z€(0,0),
ut(0,2) = uq(x) for z€(0,0).

This is a special case of the system considered in Section 3.3 (p. 42),
corresponding to 2 = (0,¢). Putting

pe = (k — 1)m /¢
for brevity, we may choose in L?(0, ¢) the orthonormal basis
er(x) =/1/¢ and ep(x) = \/2/lcosppr, k=23, ....
Since vy = uj, putting

(4.1)

wy = \/,uz—i—a

and
1 Z
B = [ fult,)? + [uslt,2) + Jut. ) d,
0

we have the following special case of Proposition 3.3 (p. 43):



58 4 Observability of Strings
Proposition 4.1. If

ug € H(0,¢) and wuy € L*(0,0),
then (4.1) has a unique solution satisfying

u € C(R;H'(0,0)) N CY(R; L?(0,£)).

It is given by a series'

o0
u(t,z) = Z(akei‘”’“t + a_ge” ) cos
k=1

with suitable complex coefficients ar and a—_y such that

o
> K (lakl? + la—k]?) < 0.
k=1

Moreover, we have
E©0) =Y K (Jal* +la-x[*),
k=1
and there exist two strictly positive functions c3,cq : R — R, independent of
the choice of the initial data, such that
cs(t)E(0) < E(t) < ca(t)E(0)
for allt € R.

In order to formulate our next result concerning the observability at one
of the endpoints, let us introduce for every positive integer k' the following
finite-codimensional subspaces of the Hilbert spaces H'(0,¢) and L?(0, ¢):

¢
Hy = {UGLQ(O,E) :/U(ac)cos,ukxdxzo for all 0§k<k’},
0
¢
Vier := {veHl(O,é) :/v(x)cosukxdxzo for all O§k<k:'}.
0

Observe that the functions
cosppr, k=K kK +1,...,

form an orthogonal basis in both Hy, and Vjs.

iwpt —iwpt

f wy, = 0 for some k, then the term age +a_re
Note that this cannot happen for more than one index k.

is replaced by ar +a—_xt.
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Proposition 4.2. Given an interval I of length |I| > 2¢, there exists an in-
teger k' such that we have

||U('70)||§11(1) = ||U('7£)H?{1(1) = E(0)
for all solutions of (4.1) corresponding to initial data ug € Vi and uy € Hyr.

Remark. For a = 0 the optimality of the condition |I| > 2¢ can be easily
proved by applying Parseval’s equality. More precisely, one can show in this
way that the estimates fail if |[7| < 2¢. For a # 0 the optimality of the condition
|I] > 2¢ follows at once by applying Beurling’s Theorem 9.2, to be discussed
later (p. 174).

Proof. Fix £’ satisfying
wp >0 forall k>FkK,

and sufficiently large as to be specified later.
In view of the preceding proposition we have to establish the following
estimates:?

/|u(t,0)|2 dt+/|ut(t,0)|2 dt= 3 K (ol +las?).  (42)
I I k:k/
Observe that

> ) . 2
St 0)F de =[5 (@ett 4 acpemn
I I

k=Fk’

dt (4.3)

and
>0 , , 2
/ e (£, 0)[2 dt = / |3 wnlane —a_ge | an (aa)
I I k:k/

If a # 0, then the functions e***t are not orthogonal on any interval I, so
that we cannot apply Parseval’s equality as in the proof of Proposition 1.1.
Fortunately, we have at our disposal the following celebrated generalization
of Parseval’s equality, due to Ingham [52]:

Theorem 4.3. Let (wi)kex be a family of real numbers, satisfying the uni-
form gap condition
= égf |wk — wn| > 0. (4.5)

If I is a bounded interval I of length |I| > 27/, then

/I|x(t)|2 dt= 3 a2 (4.6)

keK

2The case of the right endpoint is analogous.
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for all functions given by the sum?®

x(t) = Z rpetert (4.7)
keEK

with square-summable complex coefficients xy.
Remarks.

e Ingham’s theorem improved the pioneering works of Wiener [136] and
Paley—Wiener [111].

e It is natural to replace the equality by a relation <, even in the usual case
of wy = k for all integers. Indeed, if I = (a,b) is an interval of length
|[I| > 27, writing 2n7 < |I| < 2(n + 1)7 with n an integer, we have

a+2nm

2k 3 [ :/ (t)|? dt

§/|x(t)|2 dt
I
a+2(n+1)7
</ )2 dt

=2(n+1)r Y _ |l

and these inequalities are the best we can have for all sums (4.7).
e The above estimate contains both the so-called direct inequality

/|x(t)|2 dt <y Y oyl (4.8)
4 keK

and the so-called inverse inequality

>l < 02/|x(t)|2 dt. (4.9)
keK I

The proof will show that the constants ¢; and ¢y depend only on v and on
the length of I.

e The gap condition is also necessary for the validity of the inverse inequality.
Indeed, integrating the inequality

eiwkt _ eiwnt’ < |(Wk _ Wn)ﬂ

over I = [a,b] we easily deduce from (4.9) that (4.5) is satisfied with

._\/ 6
T ca(b® —ad)’

3There is no problem for the interpretation of the convergence: we can have only
countably many nonzero terms, and the convergence is unconditional.
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e In view of Theorem 3.1 (p. 36) it is natural to seek a more general result
by considering instead of (4.7), functions of the form

mk—l

= E g Ty ) e Rt

keK j=0
We shall investigate this question in Chapter 9.

In order to apply this theorem to the two series (4.3) and (4.4) above, let
us note that by setting

wp=-wr and K:={keZ : |kl >k}

for some positive integer k', the uniform gap condition (4.5) is satisfied with
= ri= i 2wy, inf - }
T =k mm{ Wk ,klélk/ W41 — Wk

Since

as k — oo, we have

’yk./—) E’

and therefore the assumption |I| > 2¢ implies that

2
>
Yk

if ¥’ is sufficiently large. Choosing such a value of &’ and applying Ingham’s
theorem to the series (4.3) and (4.4), we conclude that

/|u COP dt =3 (laxl? + lasl?)
k=k’
and

/|ut(t 0)|* dt = Z k2 (Jak]® + la—x[?).

k=Fk’

Hence (4.2) follows.
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4.2 Proof of Ingham’s Theorem

We present a simplified proof given in [7]. We first prove the theorem for
finite* sums (4.7). Then the general case will be established by a standard
density argument at the end of the section.

We shall use the function H : R — R defined by

Hix) cosx if —m/2 <x < m/2,
x) =
0 otherwise,

and its Fourier transform A : R — R given by

h(t) == /_Z H(z)e ™™ da.

Both functions are continuous, and H vanishes outside the open interval
(—7/2,7/2): see Figures 4.1 and 4.2. Let us also observe that

w/2
h(t) = / coszcostx dx >0
—m/2

for all ¢ € [—1,1], because cosz costxz > 0 under the integral sign. Hence h
has some positive lower bound in the interval [-1,1].%

—10 =8~ 6 \4) 2 O 2 a 6 & 10
o5 1 15 t
x

Fig. 4.1. Graph of H Fig. 4.2. Graph of h

Proof of the direct inequality for v = 7. The convolution product G :=
H x H defines a continuous even function, vanishing outside the open interval

“Here and in the sequel a sum is called finite if it has at most a finite number of

nonzero terms.

2 t/2
5A simple computation shows that h(t) = clos_wtz/ . Using this formula one can
easily show that h(t) > 7/2 for all t € [—1,1].
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(—m,m).5 Furthermore, its Fourier transform g(t) = h(t)? is continuous and
nonnegative, and it has a positive lower bound /3 in the interval [—~1,1].7 See
Figures 4.3 and 4.4.

1 2 3 —a —2 2 a
x t

Fig. 4.3. Graph of G (direct case) Fig. 4.4. Graph of g (direct case)

Now using the inverse Fourier transform we have

1
6/_1|ac(t)|2 dtg/_ g(®)|x(t)]? dt =27 Z (Wi — W) TRy,

kneK

Since |wi—wy,| > 7 for k # n by the gap condition (4.5), and thus G(wi —wy,) =
0, our estimate reduces to

ﬂ/ lz(t)? dt < 27G(0 Z|xk|2

keK

This inequality remains valid for every translate Io+to of Iy := [—1, 1]. Indeed,
putting

y(t) = (L'(t + t()) = Z (xkeiwkto)eiwkt,

keK

we have
6 l(t)* dt =8 | |y(t)| dt
Io

Io+to
S 2TI'G(O) Z |1’k6iwkt0|2
keK

= 271’G Z|.’L’k|2

keK

An easy computation shows that 2G(x) = sinz + (7 — ) cosx for 0 < < 7.
"We can choose 3 = 7% /4 according to the preceding footnote.



64 4 Observability of Strings

Now, every interval I can be covered by a finite number of translates Ip+t1,. ..

Iy + ty, of Iy. Hence (4.8) follows with ¢ = 2mnG(0)/5:

)

2mmG(0
/|x |2dt<Z/I t ) dt < ”ﬂ”ZmP.
ot+t;

Proof of the inverse inequality for v = m. Choose R > 1 arbitrarily and

set
G=R*HxH+H +H'

Then G is again a continuous even function, vanishing outside the interval

(—m, m).8 Furthermore, its Fourier transform

g(t) = (B* = %) h(t)*

is continuous, negative outside the interval Iy = [—R, R], and hence bounded
from above by some constant a: see Figures 4.5 and 4.6 for R = v/2.

1 2 3
x

Ve

Fig. 4.5. Graph of G (inverse case) Fig. 4.6. Graph of g (inverse case)

Hence

27G(0 Z|xk|2 =27 Z G(wi — wn)TETy

keK k,neK

-/ T g Olee) dt

— 00

<a | |z(t)? dt.
Io

8 An easy computation shows that 2G(z) = (R*+ 1) sinz + (R* —

for 0 <z <m.

1)(m —x)cosx
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Since? G(0) > 0, we conclude that

Skl <y gy [ 1O db

keK

This estimate remains valid for every translate Iy + to. Indeed, putting

y(t) = (L'(t + t()) = Z (xkeiwkto)eiwkt
keK

again, we have

Z |1'k|2 — Z |xk6iwkto’2

keK keK
«

< 2
< arcio) J, HOF

«

= xr 2 .
= srci0) /M| () dt

Since every (closed) interval I of length > 2 is a translate of [-R, R] for a
suitable R > 1, the proof of (4.9) is complete.

Proof of (4.6) for finite sums in the general case. If v # 7, then, by
setting

wy, = (7/7)wk,
we see that the new sequence satisfies the uniform gap condition (4.5) with
~' = m instead of v, so that

/,‘Z rpetert’ ’ dt’ = Z|xk|2

keK keK

for every interval I’ of length |I’| > 2.

Now if I is an interval of length |I| > 27 /~, then the interval I’ := (v/m)I
satisfies |I’| > 2. Therefore, the desired estimates follow by a simple linear
change of variable:

/I|x(t)|2 it = /I’Z et

keK

2 2
dt = 7T/ ’Z rpetrt | dt = Z|xk|2
v Jr

keK keK

Proof of (4.6) for square-summable coefficients. Now consider a series
of the form (4.7) with square-summable coefficients:

x(t) = Z et with Z |z |? < 0. (4.10)
keK keEK

Indeed, we have G(0) = (R*—1)7/2 > 0 either directly from the explicit formula
or because G(0) = [*° R°H? — (H')* dz = f:/er R?cos?z — sin® z du.
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Let us rearrange the series so that K = {1,2,...}. First we show that the
series (4.7) converges in L2(I) for every interval I, so that z(¢) is well defined
in L2(I). Tt suffices to show that the partial sums

P
sp(t) = Z Tpet Rt
k=1

form a Cauchy sequence in L?(I). This follows from the already proved direct
inequality, applied to the finite sums s, — sq, p > ¢. Indeed, we have

p
l[sp — 5q||2L2(I) <c Z |2k |2,
k=q+1

and the right-hand sides tend to zero as p,q — oo by (4.10).
Now applying (4.6) to the (finite) partial sums s,, we have

p 5 p
/‘ E rpe’rt dt < E |x;€|2
=1 k=1

Letting p — oo, (4.6) follows for x.

4.3 Strings with Free Endpoints II

Proposition 4.2 (p. 59) is not optimal, because we did not allow all natural
initial data ug € H'(0,/¢) and u; € L?(0,¢). Now we prove a more complete
result:

Proposition 4.4. Let I be an interval of length |I| > 2¢. The solutions of
(4.1) satisfy the estimates

||U('70)||§11(1) = ||U('7£)H?{1(1) = E(0)
for all initial data ug € H(0,£) and uy € L*(0,1).

Our proof will be based on a slight generalization of an important theorem
due to Haraux [48]. Let (A;)rex be a family of complex numbers satisfying

sup|RAx| < oo,
and for some ko € K the gap condition

= Inf |[A\p — A 0.
Y k1£k0| k= Ako| >
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Theorem 4.5. Assume that for some interval Iy we have

JECIRE D S (411)

ke K\{ko}

for all finite sums of the form

x(t) = Z zpe et (4.12)

ke K\{ko}

with complex coefficients xy. Then for every interval I of length |I| > |1y, we
also have

/I (O dt = (82 + 3 fei (4.13)

keK

for all sums of the form

w(t) = Bt + 3 wpett (4.14)
keK

with 8 € C and with square-summable complex coefficients xy.

Remark. Originally Haraux considered this problem with 8 = 0 and with
purely imaginary numbers ;. However, his proof easily extends to the more
general case considered here. A stronger generalization will be given later, in
Section 6.2, p. 92.

We shall prove this theorem in the next section. Assuming its validity for
the moment, let us establish a strengthening of Ingham’s Theorem 4.3:

Theorem 4.6. Let (wi)rex be a family of real numbers, satisfying the uni-
form gap condition
= inf — 0
7 = foflwk — wel >0,
and set
12 .
= su inf |wr — wyl,
7 AC%’CJEK\A' i 2
ke

where A Tuns over the finite subsets of K.
If I is a bounded interval I of length |I| > 2w /v, then

JECR DT
4 keK
for all functions given by the sum
x(t) = Z rpelrt
keK

with square-summable complex coefficients xy.
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Remark. Of course, we always have 4/ > ~, but sometimes this inequality is
strict, and this leads to an improvement of Ingham’s original result by allowing
shorter intervals I. As an illustration, let us give two simple examples:

e If w, = k for all integers k, then v =~ = 1.
o If w, = k3 for all integers k, then v =1 but +' = oc.

Proof. Given an interval I = (a,b) satisfying |I| > 27/4', choose a finite
subset A = {kq,...,kmn} of K such that |I| > 27/v4 with

va = inf  |wp — wel.
kLEK\A
ke

Furthermore, choose an interval Iy = (a + md, b — md) whose closure belongs
to I and whose length is still strictly larger than 27 /v4.
Applying Ingham’s theorem, we obtain that

() dt = Y |ax?
To kEK\A

for all finite sums of the form

Applying Theorem 4.5 repeatedly with A\g = iw; for j =m—-1,m—-2, ...,
0, we obtain that

b—js
[ leoPd= S jup

+39 kEK\{k1,....k;}

for all finite sums of the form

x(t) = Z T et

k€K \{k1,....k;}
For j = 0 this is the result we were looking for.

Now we can prove Proposition 4.4:

Proof of Proposition 4.4. For part (a) we repeat the proof of Proposition
4.2, by applying Theorem 4.6 instead of Theorem 4.3 at the end. If wy = 0
for some k, then we conclude by applying Theorem 4.5 again.

Remark. The above proof can be easily modified to prove the following
variant of Proposition 4.4: the solutions of (4.1) satisfy the estimates

1, 0) 172z = lul, Ol 22y < E-1(0)



4.4 Proof of Haraux’s Theorem 69

for all initial data ug € L?(0,¢) and u; € D!, where we use the notation
D~ and E_;(t) introduced in Section 3.3 (p. 45). Indeed, it is equivalent to
the estimate (see (4.3), p. 59)

o0

/’Z(“kem"t +a_pe M)
I

k=1

= > K (Jarl* + |a_[?),
k=1

established above.

More generally, infinitely many variants of Proposition 4.4 may be obtained
by using the fact that if u is a solution of (4.1), then A™w and the time
derivative u(™) of wu is also a solution of (4.1) for every positive integer m,
with suitably modified initial data. The same remark can be made for all
observability results obtained in the sequel.

4.4 Proof of Haraux’s Theorem

In order to avoid the problems of convergence, first we prove the estimates
(4.13) for finite sums. The general case then will follow by an easy approxi-
mation argument. By rearranging the terms if necessary, we may assume that
K is the set of nonnegative integers and kg = 0.

Proof of the direct part of (4.13). First we note that (4.11) remains valid
for every translate Iy + to of Iy. Indeed, putting

o0

y(t) ==t +to) = Z(mkeAktO)eMt7

k=1

we have

/ |z (t))? dt:/|y(t)|2 dt = xkekkto Z|xk|2
Io+to I k‘

In the last step we used the boundedness of the sequence (ReA).
Next we prove the direct part of (4.13), i.e., the inequality

/Iac(t)l2 dt < c(|5|2 + i |xk|2>.
I k=0

If I is a translate of Iy, then writing I = Iy 4 t¢ and using the decomposition
(4.14), we have the elementary inequality

/ lz(t)? dt < 3/ |ﬂt6>‘°t°| + |zo e>‘°t° ’Z xke“t
To+to Io+to

oo

< c(IB1? + z0[?) +3/Io+to 3

k=1

2
Agt

dt

e
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with a suitable constant ¢, depending only on the interval Iy 4 tg. Using the
assumption (4.11) for the last integral, we conclude that

/10+t0 ()2 de < (182 + > e4l?)

with a possibly bigger constant c.

Finally, every interval I can be covered by a finite number of translates
I, Is,..., I, of Iy. Denoting the corresponding constants by c1,..., ¢, and
setting ¢ :=c¢1 + - -+ + ¢n, We have

2 . 2
/IIx(t)I dtgjz_;/lj lz(t))? dt

<> e (|ﬁ|2 + i |33k|2>
k=0

)

<

(187 + Y ).
k=0

Proof of the inverse part of (4.13). Given I with |I| > |Iy], choose a
translate (a,b) of Iy and a real number ¢ > 0 such that

(a—0,b+0d)C 1.

For x given by (4.14), the formula

5
y(t) == z(t) — 215 /—5 e M%x(t 4 5) ds

defines a function y of the form (4.12): an easy computation shows that

k=1

As a consequence of our gap assumption vy > 0 we may also assume (by
slightly changing ¢ if necessary) that

sith(Ax — Ao)d ’2 o

= inf |1 —
c nl’ (A — Ao)d

1
k>

Then using the assumption (4.11) we have

oo oo b
St < S wl <a [yt de (4.15)
k=1 k=1 a
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with a suitable constant ¢;. Furthermore,
10 2
()2 §2|x(t)|2+2‘25/ NSt 4 5) ds
o210
< 2lz(t)]* + 5 / lz(t + 5)|* ds
-5

, eARhls s ,
—20f+ < [ o) ds
t—6

so that

2R Ao t+5
/|y |2dt<2/|x |2dt+ // (s)|? ds dt
t
2|§R)\0|6 b+6 min(b, s+5
—2/|x |2dt+ / / (s)|* dt ds
a— ax(a,s—08)

<2/ lz(t)|? dt + 2e 2|%)‘°‘5/ lz(s)|* ds
a—0o
< (2 +262|%>\0‘6) /|x(s)|2 ds.
1

Combining this result with (4.15), we conclude that

Z|xk|2 < 02/|gc(s)|2 ds (4.16)
k=1 I

with a suitable constant cs. This is still slightly weaker than the inverse part
of (4.13), because 8 and z( are missing on the left-hand side. It remains to
establish the estimate

8 + laol? < s [1a5)? ds (@.17)
1

with a suitable constant cs. For this, first we note that using the decomposition
(4.14), we have

dt

0 2
B2 + o < 4 / 18t + o? dt < 24 / 20 + |3 e
I I k=1

with some constant c4. Since using our assumption (4.11) and then (4.16) we

have
o0 2 (o]
/’Z zpe™t| dt < es Z|xk|2 < 46205/|x(5)|2 ds
=1 k=1 I

with another constant cs, we deduce from the preceding inequality that
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B2 + a0l < / 1t + zof? dt < 24 / l(t)]? dt + 8eacacs / (1) 2.
I I I

Thus (4.17) holds with 3 := 2¢4 + 8cacqcs.

End of the proof of the theorem. Now consider a series of the form (4.12)
with square-summable coefficients:

x(t) = pte*! + Z$k€>\kt, Z|xk|2 < 0. (4.18)
k=0 k=0

First we show that the series (4.18) converges in L?(I) for every interval I, so
that z(t) is well-defined in L?(I). It suffices to show that the partial sums

n
sn(t) = ptet + Zxke/\’“t, n=0,1,...,
k=0

form a Cauchy sequence in L?(I). This follows from (4.13) applied to the finite
sums S, — S, 1 > m. Indeed, we have

Jlsut) = sutP dt<e 3 ol
y k=m+1

and the right-hand side tends to zero as m,n — oo by (4.18).
Now applying (4.13) for the (finite) partial sums s,, we have

/ sa (O dt = |52 + 3 Janl.
I k=0

Letting n — oo, we see that (4.13) follows for the function z(t).

4.5 Strings with Fixed Endpoints or with Mixed
Boundary Conditions

The proof of Proposition 4.4 can easily be adapted to other boundary condi-
tions. Let us formulate here two variants.

4.5.1 String with Fixed Endpoints

We consider the following system, a particular case of that studied in Section
3.2 (p. 38):

Ut — Ugg +au =0 in R x(0,2),
u(t,0) =u(t,f) =0 for teR,

u(0, z) = uo(z) for x€(0,9),
ut (0, ) = up(x) for x € (0,).

(4.19)
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Setting
pr = km/l, wy = \/ui +a,
and
e 2 2
E(t) =, | |ua(t, @)l +|ue(t,2)|" da,
0
we have the following special case of Proposition 3.2 (p. 40):
Proposition 4.7. If
ug € Hy(0,) and wuy € L*(0,0),
then (4.19) has a unique solution satisfying
u € C(R; H3(0,£)) N CH(R; L2(0,4)).

It is given by a series'’

o0
u(t,z) = Z(ake“’kt + a_pe @k sin ppa
k=1
with suitable complex coefficients ar and a—_y such that
o0
> K (lakl? + la—x[?) < 0.
k=1
Moreover, we have
o0
E(0) <>k (ax|* + |a_[?),
k=1

and there exist two strictly positive functions cs,cq : R — R, independent of
the choice of the initial data, such that

e3(t)E(0) < E(t) < ca(t)E(0)
for allt € R.

Proposition 4.8. Given an interval I of length |I| > 2¢, we have
e (- 1221y < a2 (1) < E(0)
for all solutions of (4.19), corresponding to arbitrary initial data

ug € Hy(0,¢) and wuy € L*(0,0).

107f i = 0 for some k, then the term are’rt +a_pe ™kt ig replaced by ax+a—_xt.

Note that this cannot happen for more than one index k.
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Proof. This is an easy adaptation of the proof of Proposition 4.4 (p. 68), by
using the orthogonal basis

sinugxr, k=1,2,...,
of L2(0,¢) and H}(0, ¢) instead of the corresponding cosine functions as before.

Remark. If ¢ = 0 in (4.19), then we may apply Parseval’s equality instead
of Ingham’s theorem, as in the Introduction. Therefore, Proposition 4.8 also
holds in this case for intervals I having critical length |I| = 2¢. The same
remark applies to all results in the rest of this chapter.

4.5.2 String with Mixed Boundary Conditions

Now consider the case of one free and one fixed endpoint:

Upp — Uge +au =0 in R x(0,¢),
u(t,0) =uy(t,£) =0 for teR,

u(0, z) = up(z) for € (0,9),
u(0,2) = ug(x) for € (0,¢).

(4.20)

Introducing the Hilbert spaces
H:=L*0,0), V:={veH0,¢) : v0)=0},

and setting
(=,)] Vi +
= — Wr = a
:ukr 2 87 k :uk )

and ,
1
B = [ It + u(t. o) do.
0
we have the following special case of Proposition 3.4 (p. 47):

Proposition 4.9. If
ug €V and wuy € H,

then (4.20) has a unique solution satisfying

ue CR;V)NCHR; H).

It is given by a series'!

o0
u(t,z) = Z(akei‘”’“t + a_pe R sin g
k=1

1 1f wi = 0 for some k, then the term are’rt +a_pe ™kt ig replaced by ax+a—_xt.

This cannot happen for more than one index k.
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with suitable complex coefficients ar and a—y such that
o0
Zk2(|ak|2 +la—i|?) < oco.
k=1
Moreover, we have
o0
E(0) = Y K (lakl” + [a—k[?),
k=1
and there exist two strictly positive functions cs,cq : R — R, independent of
the choice of the initial data, such that
Cg(t)E(O) S E(t) S C4(t)E(0)
for allt € R.
Proposition 4.10. Given an interval I of length |I| > 2¢, we have

lua (-, 0) 122y = Nul, Ol (1) < E(0)

for all solutions of (4.20), corresponding to arbitrary initial data ug € V and
u; € H.

Proof. This is another easy adaptation of the proof of Proposition 4.4 (p.
68), by using this time the orthogonal basis

sinppxr, k=1,2,...,
of H and V.

4.6 Observation at Both Ends: Free or Fixed Endpoints

It is natural to expect that a shorter observation time is sufficient if we can
observe simultaneously both endpoints of the string. Indeed, half the time is
sufficient in this case, but the proofs present unexpected new difficulties. Let
us consider here the cases of two free or two fixed endpoints; the case of mixed
boundary conditions will be investigated in the next section.

4.6.1 Free Endpoints

Consider again the system of Section 4.1 (p. 57):

Upt — Ugy +au =0 in R x(0,4),
ug(t,0) = uy(t,0) =0 for teR,

(0, z) = up(x) for z€(0,¢),
ut(0,2) = uq () for z€(0,0),

(4.21)
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with the energy defined by
1 14
B = [ fult,)? + [ualt,2) + ut. ) da,
0

We have the following variant of Proposition 4.4 (p. 66):

Proposition 4.11. If I is an interval of length |I| > ¢, then the solutions of
(4.21) satisfy the estimates

[ )l 1y + luC Ol ) < £(0)
for all ug € H(0,€) and u; € L*(0,¢).

Proof. We recall from Proposition 4.1 (p. 58) that this problem has a unique
solution for all initial data ug € H'(0,¢) and uy € L?(0, /), and that it is given
by the series!'?

o0
u(t,z) = Z(ake“’kt +a_pe " cos pp,
k=1
with
up = (k—1Dr/t and wp= \/HZ +a

and with suitable complex coefficients ar and a_j such that

E0) < Zk2(|ak|2 +la—il?) < oco.
k=1

Thus we have to establish the estimates

G )1y + s Ol ) = D K (laxl® + lael?). (4.22)
k=1

Assume first that wy # 0 for all k. Putting

f@) = Z aRe’rt + q_ e Wkt

k=2,4,...

and

g(t) = § akeiwkt + a_ke—iwkt
k=1,3,...

for brevity, we have the following algebraic equalities:

Ju(t, 0)* + [u(0, )] = [£(t) + g(®)]* + [£(t) — 9O = 2 (D] + 2g(t)|*.

121f Wi = 0 for some k, then the term are’rt +a_pe ™kt ig replaced by ax+a—_xt.

This can happen for at most one index k.
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Now applying Theorem 4.6 (p. 67), we obtain that
JIr@F de= 3 o+ o
I k=24,...

and

Jlo0F de= 3 jacl + o
1

k=1,3,...

because we have v/ = 2r /¢ for both families
{twr : k=2,4,...} and {dwr : k=1,3,...},

and |I| > ¢ = 2w /+'. Taking into account the above equality, we conclude that

/ u(t, 0)2 + Ju(0, ) dt = 3 Jaxl? + a_i[*
y k=1

Using the formula

oo
us(t, x) = g (iwpare™ " —iwpa_pe”“*) cos pp,
k=1
we obtain in a similar way that

o0

/ (8, 0)2 + e (0, O dt =S Jeonl? (lanf? + [a_[2).
I

k=1

Since |wg|? < k2, by adding the last two relations we obtain (4.22).
If wy, = 0 for some k, then we conclude (4.22) again by a further application
of Theorem 4.5 (p. 67).

4.6.2 Fixed Endpoints

The case of the system

Upp — Ugy + au =0 in R x(0,¢),
u(t,0) =u(t,f) =0 for teR,

u(0, z) = uo(z) for x€(0,90),
u(0,2) = ug(x) for x€(0,9),

(4.23)

is analogous. Setting

1 Z
B =y [ (b)) o

we have the following variant of Proposition 4.8 (p. 73):
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Proposition 4.12. If I is an interval of length |I| > ¢, then all solutions of
(4.23) satisfy the estimates

||Uw('70)H2L2(1) + ||Uw(':g)||2L2(1) = E(0).

Proof. We recall from Proposition 4.7 (p. 73) that the problem (4.23) has a
unique solution for all initial data ug € Hg(0,¢) and u; € L*(0,¢), given by
the series!?

o0
x) = Z(akei”"‘t + a_pe ) sin g,
k=1

with
pr =kn/l and wy = \/,uz +a,
and that -
= > K (Jarl® + la_x[?).
k=1

Therefore, we have to establish the estimates

e )1 Za 1y + w5 Ol L2y = Zk2 (lax|* + la—r|?).

Assume first that wy # 0 for all k. Putting

F&) =" mrlare™ ' +a_pe )

k=24,...

and

g(t) = Z Mk}(akeiwkt + a_ke—iwkt)
k=1,3,...

for brevity, we have the following algebraic equalities:

s (£, 0)|* + [ua (0, £)*

= , 2
- ‘Zﬂk(akew’“t +a_gem)|

. 2
* ‘Z Cpnare™s +a_ge )|

= |F(t) + g1 + () — g(t)?
= 2f ()] + 2lg(t)[*.

Hence we have to prove the relation

B31f wi = 0 for some k, then the term are’rt +a_pe ™kt ig replaced by ax+a—_xt.

This can happen for at most one index k.
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o0
JIHOF + 19000 at = 3~ B larf? + faaf).
I k=1

We prove again a little more, by establishing separately that

/I FOR A= S k(o + laf?)

k=24,...

and

JlaF at = 3= K (ol + laif).

k=13,...
Both relations follow by applying Theorem 4.6 (p. 67), because we have 4" =
27 /¢ for both families

{twr : k=2,4,...} and {fwr : k=1,3,...},

and |I| > ¢ =27/,
If wi = 0 for some k, then we conclude by another application of Theorem
4.5 (p. 67).

4.7 Observation at Both Endpoints: Mixed Boundary
Conditions

The case of the system

Upp — Ugy + au =0 in R x(0,¢),
u(t,0) =uy(t,£) =0 for teR,

u(0,z) = up(x) for =€ (0,¢),
u(0,2) = ug(x) for x€(0,9),

(4.24)

presents unexpected new difficulties. Setting
H:=L1%0,¢) and V:={ve H(0,¢) : v(0)=0}
and
1 e
B0 = [ It + u(t. o) do.
0
we have the following result:
Proposition 4.13. If T' > ¢, then the solutions of (4.24) satisfy the estimates
(- O 1 220,2) + e, Ol 0,7y = E(0)

for allug € V and u; € H.
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Beginning of the proof. We recall from Proposition 4.9 (p. 74) that this
problem has a unique solution for all initial data ug € V and uw; € H. Fur-
thermore, it is given by the series!?

o0

= E (ape™*' + a_pe ") sin ppx
k=1

with 1
T
_ _ _ 2
k—(k 2>€ and  wy \/uk-i-a

and with suitable complex coefficients ar and a_j such that

o0
= Zk2(|ak|2 +la—kl?) < oo
k=1

Thus we have to establish the estimates
J e 00 + a0 + - O e < Zk? (lanl? + a—s[2).

Repeating the usual computations, we have

o0

— § /Izk(akeiwkt"'a_k;e_iwkt),
k=1
o0

tO E k 1 CL ezwkt+a —iwkt),
k=1

and

(=1)* Liwy (ape™* !t — a_pe™@rt),

M8

Ut (t, 0) =

=~
I
-

Now there are two obstacles for the application of the algebraic manipulation
to separate the odd and even indices:

e the sign change between ape’** — a_re ™" and ape™rt it

e the difference of the factors wy and py.

+a_ge

Instead of overcoming these difficulties here by “brute force,” we solve
only the special case in which equation (4.24) contains no lower-order term,
by applying another method. The general case will be addressed later, in
Section 6.3: see Proposition 6.6 on page 103.

iwpt —iwpt

M1 Wy, = 0 for some k, then the term age
There is at most one such k.

+a_ge is replaced by ar +a—_xt.
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Proposition 4.14. Let a = 0. If T > {, then the solutions of (4.24) satisfy
the estimates

[ (- O |72 0,7 + (s O3 0,7y =< E(0)
for all ug € V and u; € H.

Remark. Note that the estimates also hold in the limiting case T' = /.

Proof. In this case, the solution of (4.24) is given by d’Alembert’s formula'®

u(t,z) = f(x+t) + gz —1)

with two suitable functions f and g of one real variable, depending on the
initial and boundary conditions. Since the sum f(x + ) + g(z — t) does not
change if we replace f and g by f + C and g — C for some constant C', we
may assume without loss of generality that

The boundary and initial conditions are equivalent to the following condi-
tions on f and g:
f@)+g(=t)=0 for teR,
f'l+t)+g(—-t)=0 for teR,
f(@) +9(x) = uo(x) for x € (0,4),
fl(x) — ¢ (x) =ui(x) for z€(0,0).
In view of the equality f(¢) = g(¢), the second condition is equivalent to
fl+t)—gl—t)=0 for teR.
We use the first equality to eliminate g. Thus we obtain
u(tvx) = f(t+x) —f(t—{E),

where f satisfies the following conditions:

fE+0)+ft—6)=0 for teR,
f($) - f(—$) = UO(x) for = € (076)7
(@)= f'(—=z) =ui(z) for =z €(0,0).

Introducing an arbitrary primitive U; of uq, integrating the last condition,
and combining the result with the second condition, we obtain that

15The method of d’Alembert applies only to the one-dimensional wave equation
without lower-order terms. On the other hand, in this very particular case it is the
simplest method in general. It can often be used to discover more general conjectures,
which then could be proved by another method.
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2f(s) =up(s) + Ui(s) for se€(0,0),
2f(s) = —uo(—s) + Ui(—s) for se (—£0).

Furthermore, using also the first condition above, we deduce the additional

relation
2f(s) =up(20 —s) —U1(20 —s) for se (£,20).

It follows that in the triangle!'¢
L:={(t,z) : >0 and z<t</l—uz}
the solution is given by the formula
2u(t,z) = uo(z +t) + Ui(z +t) —uo(t —z) — Ui (t — x),
while in the triangle
R:={(t,z) : < and (—z<t<uz}
we have
2u(t,x) =ug(2l —x —t) —U1(20 —x —t) + ug(x — t) — Ur(z — t).
It follows from these formulae that
ug (t,0) = ug(t) + ui(t)

and
u(t, ) = —ug(l —t) +ur (€ —t)

for all 0 < t < /. Hence
¢ ¢
/ (£, 0)[2 + e (£, 0)] dt :/ i (£, 0)2 + g (£, € — £)[2 dt
0 0
¢
- / lugh + up|* + |uy — up)? dt
0

¥4
:2/ b2 + Jua |2 dt.
0

6The letters L and R stand for “left” and “right”; make a figure.
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Observability of Beams

In this chapter we apply the methods developed in the preceding chapter to
the study of beams. One of the main differences between strings and beams is
that the propagation speed in strings is finite, while it is infinite in beams. It
is reflected in the results in which we determine the critical optimality time.

Throughout this chapter it will be convenient to use the notation ug :=
ks then 1+ pyp < k.

5.1 Guided Beams

First we improve and generalize Proposition 1.2 (p. 5). Fix a positive number
{, a real number a, and consider the one-dimensional case of the system of
Section 3.6 (p. 50):

Ut + Uggee +au =0 in R x(0,¢),
Uz (t,0) = Upga(t,0) = up(t,£) = Ugea(t,£) =0 for teR, (5.1)
u(0,z) = up(x) for x€(0,¢),
u(0,2) = uq(x) for x€(0,0).

Introducing the Hilbert spaces H := L?(0, /) and

2 ¢ 2 2 1/2
Vi={ue H*(0,£) : uy(0) =u,(£) =0}, |ulv:= (/ || ® 4|t | dw) ,
0

putting
pr = (k—=1)m/l, wy:= \/u% + a,
and

1 Z
E(t) := 2/0 |u(t,ac)|2 + |um(t,ac)|2 + |ut(t,gc)|2 dz,

we have the following special case of Proposition 3.6 (p. 51):
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Proposition 5.1. If ug € V and uy € H, then (5.1) has a unique solution
u e C(R; V)N CYR; H).

It is given by a series'

o0
u(t,x) = Z(akei“’kt +a_pe” ) cos pp
k=1

with suitable complex coefficients ar and a—y such that

o0

> K (lakl? + la—k[?) < 0.

k=1

Moreover, we have
o
E(0) <>k (Jax|* + |a_[?),

k=1

and there exist two strictly positive functions c1,co : R — R, independent of
the choice of the initial data, such that

c1(t)E(0) < E(t) < ca(t)E(0)
for allt € R.

It turns out that by observing only one endpoint during an arbitrarily
short time, one can already distinguish all different initial data:

Proposition 5.2. For every fized (arbitrarily short) interval I, all solutions
of (5.1) satisfy the estimates

[ O)lF 1y <l Ol 1) =< E(0).

Proof. By symmetry we consider only the case of the left endpoint. In view
of the preceding proposition we have only to establish the following estimate:

/|u(t, 0)2 + fus(t, 0 dt = 3 K4 (janf? + a_[?)- (5.2)
1 k=1

If none of the numbers wy, vanishes, then |wy| < k2, so that we may apply
Theorem 4.6 (p. 67) with v = co. It follows that

o0
/|u(t,0)|2 dt = /‘Z ape’ Rt 4+ q_ e vkt
1 k=1

iwpt

2 o0
dt < Z|ak|2 + |a_k|2
k=1

If wy, = 0 for some k, then the term age +a_pe Wkt jg replaced by ax+a—_xt.
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and

dt

oo
. X 2
/|Ut(t70)|2 dt = /‘Ziwkakewkt — dwpa_pe W
1 =

o0
= Zwk4(|ak|2 + |a_k|2).

k=1

Since 1 + wi? < k%, by adding the two inequalities we obtain (5.2).
If wi = 0 for some k, then a further application of Theorem 4.5 (p. 67)
yields (5.2) again.

Remark. As we explained in a remark at the end of Section 4.4 (p. 68),
the above proposition admits infinitely many variants. For example, using the
notation of Section 3.6 (p. 50), the solutions of (5.1) satisfy the estimates

[l 0122y = lul, Ol 22y = E-2(0)

on every interval I, for all initial data ug € D° = L?(0,¢) and ug € D72,

5.2 Hinged Beams

Now we study the more realistic model of simply supported beams. Fix a
positive number ¢, a real number a, and consider the one-dimensional case of
the system considered in Section 3.5 (p. 48):

Ut + Uggge + au =0 in R x(0,¢),
u(t,0) = Uuge(t,0) = w(t, ) = ugy(t,0) =0 for teR, (5.3)
u(0,2) = up(x) for z€(0,¢), '
ug(0,2) = up () for z€(0,0).
Putting
pr = kr/l, wy = \/u% +a,
and
1 Z
Eoa(®)i= ) [ uaft2)? + (A ut )l do.
0
we have the following special case of the variant s = —1 of Proposition 3.5 (p.

48; see also the end of Section 3.5, p. 50):

Proposition 5.3. If ug € H(0,£) and uy € H~'(0,¢), then (5.3) has a
unique solution

u € C(R; Hy(0,£)) N CHR; H1(0,4)).
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It is given by a series®

o0
u(t,z) = Z(akei‘”’“t + a_pe R sin g
k=1

with suitable complex coefficients ar and a—y such that

>k (lakl? + la—k[?) < 0.

k=1

Moreover, we have
E_1(0) = > k*(lax|* + lak]?),
k=1

and there exist two strictly positive functions c1,co : R — R, independent of
the choice of the initial data, such that

cl(t)E-1(0) < E_1(t) < c2(t)E-1(0)
for allt € R.

We have again observability by using only one endpoint and for an arbi-
trarily short time interval:

Proposition 5.4. For every fized (arbitrarily short) interval I, all solutions
of (5.3) satisfy the estimates

e (- 0) 721y = Nl (5 O)lI72 (1) < E-1(0).

Proof. As above, by symmetry we consider only the case of the left end-
point. In view of the preceding proposition we have to establish the following
estimate:

/|u$(t,0)|2 dt < Z k2(|ak|2 —+ |a_k|2). (5.4)
I k=1

If wp # 0 for all k, then we may apply Theorem 4.6 (p. 67) with v/ = oo
because |wy| < k?; it follows that

/|ugg(t,0)|2 dt = /‘Zuk (ake“"’“t—i—a_ke_wkt)’ dt =< Z k2(|ak|2+|a_k|2).
I 1 k=1 k=1

If wy = 0 for some k, then (5.4) follows again by a further application of
Theorem 4.5 (p. 67).

Remark. There again exist many variants of this proposition. For example,
with the notation of Section 3.5 (p. 48), the solutions of (5.3) satisfy the
estimates

||“mm('70)||2L2(I) = ||“mz('7€)H%2(I) = E1(0)
on every interval I, for all initial data ug € D3 and ug € D*.

21f wy, = 0 for some k, then the term are™rt 4 a_pe @kt g replaced by ax+a—_xt.
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5.3 Mixed Boundary Conditions

Consider finally the case of mixed boundary conditions, a special case of the
system studied in Section 3.7 (p. 52):

Utt + Ugpzrx + au = 0 ln R X (07 Z),
w(t,0) = Ugy(t,0) = uy(t,€) = Ugan(t,€) =0 for teR, (5.5)
u(0,z) = up(x) for x€(0,0), '
ut(0,2) = up () for xz€(0,0).
Putting
N7
Hk = (k N 2) ¢
Wg = \/,ui +a,

1 Z
B(t) = 2/0 fu(t, 2)[2 + it (6, 2) P + (8, @) d,

and introducing the Hilbert spaces H = L?(0,¢) and

4
Vi={ve H2(0,6) : v(0)=v'(6) =0}, |olly := (/0 [ + [vaa | dx>1/2’

we have the following special case of Proposition 3.7 (p. 52):
Proposition 5.5. If ug € V and uy € H, then (5.5) has a unique solution

u e C(R;V)NCHR; H).

It is given by a series’

o0
u(t,x) = Z(ake“’kt + a_pe” @k sin ppx
k=1

with suitable complex coefficients ar and a—_y such that

Zk4(|ak|2 +la—i|?) < oco.
k=1

Moreover, we have

E(0) <>k (Jar|* + |a_[?),
k=1

31f wy, = 0 for some k, then the term are™rt 4 a_pe @kt g replaced by ax+a—_xt.
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and there exist two strictly positive functions c1,co : R — R, independent of
the choice of the initial data, such that

C1 (f)E(O) S E(t) S CQ(t)E(O)
for allt € R.
We have analogous observability results as in the preceding cases:

Proposition 5.6. For every fized (arbitrarily short) interval I, all solutions
of (5.1) satisfy the estimates

e (5 ) 122y = llul, Ol 1) = E(0).

Proof. It is a straightforward adaptation of the proofs of Propositions 5.2
and 5.4, so it is left to the reader.
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Vector Sum Estimates

We left some problems of the preceding two chapters unsolved. In order to
solve them in an elegant way, we first generalize the main abstract Theo-
rems 4.3 and 4.5 of Ingham and Haraux to the case of vector coefficients.
They will also prove to be useful in various other observability problems. The
first two sections of this chapter contain these generalizations, while the re-
mainder of the chapter is devoted to applications. In order to make our book
self-contained, at the end of the chapter we give a short introduction to the
celebrated multiplier method, by presenting simplified proofs of two important
theorems of J.-L. Lions on the observability of membranes and plates.

6.1 An Ingham-Type Theorem for Vector-Valued
Functions

Let (wg)rex be a family of real numbers satisfying for some positive integer
M and for some real number v > 0 the following weakened gap condition:

no interval (wx — 7, wy + ) contains more
than M members of the family (wg). (6.1)

Let (Eg)rex be a family of vectors in a complex Hilbert space H, and
denote by Z the linear hull of these vectors. Let p(+,-) be a given semiscalar
product (positive semidefinite sesquilinear form) on Z, and denote by p(-) the
corresponding seminorm.

Theorem 6.1. Assume (6.1). For every bounded interval I of length |I| >
27/, there exists a number n > 0 such that if

|p(Ek, En)| < np(Ex)p(En)  whenever |wp —wp| <~y but k#n, (6.2)

then all finite sums
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Ut) =Y Uxe™*'Ep, Uy €C,
keK

satisfy the estimates

/p(U(t))2 dt < Y |Uk*p(Er)?. (6.3)

I kEK

Remarks.

For M = 1 the condition (6.2) is empty, so that we do not need any 7.
If X = C and p(x,y) = zy, then this result reduces to Ingham’s original
theorem (p. 59).

In comparison with Ingham’s theorem, for M > 1 the weakening of the
gap condition is compensated by the quasi-orthogonality of the coeflicients
corresponding to close (or equal) exponents. The proof will provide an
explicit value of n: setting R := |I]y/(27) and denoting by 5 the maximum
of the function (R? + 1)sinz + (R? — 1)(m — z) on the interval [0, 7], we
may choose an 1 such that (M — 1)8n < (R? — 1)mr. As we shall see later
in this chapter, this quasi-orthogonality property is often satisfied in the
applications. This was first observed in [76].

We consider only finite sums, since p is assumed to be defined only on Z.
However, once the estimate (6.3) is established, a standard density argu-
ment allows us to extend the integrals in (6.3) to more general functions,
so that (6.3) is valid for all sums with square-summable coefficients.

This theorem is stronger than Theorem 1.8 in [76], because here the quasi-
orthogonality is required for fewer pairs of indices. This will be achieved by
applying Ingham’s “second method” instead of the first one, used before.
An even more general result is established in [9], which covers the case of
generalized eigenvectors. See also [101] for an application in which infinitely
many generalized eigenvectors appear in a natural way.

The proof is an adaptation of the proof of Theorem 4.3. By the same

arguments as there,

we may assume without loss of generality that v = m;

it suffices to establish the direct inequality for one, arbitrarily short, in-
terval;

it suffices to prove the inverse inequality for the intervals (—R, R) with
R>1

Let us choose the same functions H and h as in the proof of Theorem 4.3,

Hiz) cosz if —m/2 <z < w/2,
x) =
0 otherwise,

and its Fourier transform h : R — R given by



6.1 An Ingham-Type Theorem for Vector-Valued Functions 91

< 2cosTt/2
o it _
h(t) .—/ e " H(z) doe = 1

— 00

In the proof we assume without loss of generality that p(Ey) = 1 for all k.
Indeed, terms with p(E%) = 0 do not contribute to either side of (6.3), while
the other terms can be normalized. Then we have

|p(Ek7En)| < 1 for all ka”)
and (6.2) takes the form
p(Ek, Ey)| <n  whenever |wp —wp| <~y but k#n.

Proof of the direct equality. We recall that G := H * H is a continuous
function, vanishing outside (—m, ) and attaining its maximum at 0, its Fourier
transform g is continuous and nonnegative, and g > 1 on some small interval
(=7, 7). Therefore, we have the following estimates:

/ Pp(U®)? dt < / o(Op(U(1))? dt
=21 Y UpUnG(wi — wn)p(E, En)
k,neK
=21 Y UpUnG(wi — wn)p(Ek, En)
kneK:
| —wn| <y
|U? + U ?
<2
<2mG(0) Y )
kneK:

|wk—wn| <y
<2rG(0)M > |Uk|*.
keK
In the last step we used that by assumption (6.1), no term |Uy|?
than M times in the sum.

appears more

Proof of the inverse equality. Now we recall that G := R?H » H + H' « H’
is a continuous function, vanishing outside (—m, ), satisfying G(0) > 0, and
thus having a positive maximum 3, while its Fourier transform g is continuous,
negative outside [—R, R], and hence bounded from above by some constant
a. Therefore, we have the following estimates:

R 0
o / p(U(8)? dt > / o(Op(U )2 dt
-R —o0

=21 UpUnG(wi — wn)p(Ex, En)
kneK
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=21 Y UpUnG(wi — wn)p(Ex, En)

kneK:
o o | <y
= 27G(0 (Z|Uk >+27r Y UiUnGlwr — wn)p(Er, Ey)
keK kneK:
Jwi —wn <7,
k#n
> 20GO) (S UF) 2780 > Ukl
keK kneK:
o —wn <7,
k#n
2 2
> 27G(0) ( Z Uk2) = 2mBn > & ;'U’”
k=—oc0 |wp—wn|<y
k#n
> 2WG(0)(Z |Uk|2> —om(M — 1)57;(2 |Uk|2>
keK ke K
=2m(G(0) — (M —1)8n) > |Ux|*.
keK

With a sufficiently small n > 0 such that (M — 1)8n < G(0), the desired
inequality follows.

6.2 An Haraux-Type Theorem for Vector-Valued
Functions

We are going to generalize Theorem 4.5 of Haraux (p. 67). As in Chapter 3,
we consider the solutions of the problem

= AU, U(0) = Uy, (6.4)

in an infinite-dimensional complex Hilbert space H, where A is an unbounded
linear operator defined on some linear subspace of H, with values in H, sat-
isfying hypothesis (RB) on page 34. We recall! that the solutions of (6.4) are
given by the series

my, = ekt
Ut) =YY UreFrot) with Fy(t Z Eo—j,
kEK (=1 = 7

where the complex numbers Uy, ¢ are the coefficients of the initial value Up in
the Riesz basis:

'See Theorem 3.1, p. 36.
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Up = Z Zk: Uk, eEy 0.

keK (=1

As in the preceding section, we consider only finite sums, i.e., solutions corre-
sponding to initial data belonging to the linear hull Z of the Riesz basis; we
recall that in this case the solutions are of class C°°. For every finite subset A
of K, it will be useful to denote by Z4 the linear hull of the basis vectors Ej, ¢
with k € K\A and ¢ =1,..., my; then Z4 is a finite-codimensional subspace
of Z. Notice that if Uy € Z4, then the solution of (6.4) also has its values in
Z 4, and we have

—L ikt

mp l
Z ZUk,EFk,Z(t) with Fk,g(t) =

kEK\A £=1 j=0

Jt Ly

and

mg
Z Z UkeErg.

keK\A (=1

Now we are ready to state our theorem, first obtained in [77]:

Theorem 6.2. Let us be given a finite number of seminorms pi,..., pm on
Z. Assume that

(i) There exist a finite subset A of K and intervals Ir,. .., L, such that

the estimates
Z/m )2 di < U (6.5

hold for all solutions of (6.4) with Uy € Z4.

(i) There exist intervals I1,. .., I,

Z/m )2 di < U (6.6

hold for all solutions of (6.4) with Uy € Z such that AUy = \Uy for some
keA.

Then for any choice of intervals Jy,. .., Jp such that each J; contains the
closure of I; in its interior, the estimates

Z/m 2 dt = || Up|? (6.7)

hold for all solutions of (6.4) with Uy € Z.

such that the estimates
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Remarks.

e The use of several seminorms corresponds to various different types of
observations, at different times.

e Notice that the lengths of the intervals I do not affect the choice of the
intervals J; in the conclusion. This is natural because if hypothesis (ii)
is satisfied for some choice of the intervals I J’ then it is also satisfied
for any other choice. Indeed, hypothesis (ii) is equivalent to the following
uniqueness property, where the intervals I; no longer appear: if AUy =
AUp for some k € A and if p1(Uy) = -+ = pm(Uy) = 0, then Uy = 0.
The equivalence follows from the following relation, where U (t) = e**U
denotes the solution of (6.4):

i/f Py(U(E)" dt = i(/, [ dt ) (Vo). (6.8)

Indeed, if hypothesis (ii) is satisfied and p1(Up) = - -+ = p;m(Up) = 0, then
the right-hand side vanishes; hence (6.6) and (6.8) imply that Uy = 0
Conversely, the uniqueness property implies that the square root of the
left-hand side of (6.8) is a norm on the finite-dimensional subspace spanned
by the eigenvectors figuring in hypothesis (ii), so that it is equivalent to
the norm of H on this subspace.

e Let us emphasize a peculiar feature of the hypotheses of the theorem: if A
is replaced by a bigger set, then the hypotheses are still satisfied; moreover,
since a smaller set of initial values is considered, the estimates can hold
with even shorter intervals I;. This crucial observation often makes it
possible to improve drastically the estimates of the sufficient observability
time. See, e.g., [67], where many applications are given by using a special
case of the above theorem.

The proof consists of several steps.

Proof of the direct part of (6.7). We are going to establish the estimates?

2 / pi (U ()2 dt < c||Uo|? (6.9)
J

for all Uy € Z and for all choices of the intervals J;. Let us begin with the
case J; = I;.
Given Uy € Z arbitrarily, we write the solution of (6.4) in the form U =

V + W with
my
= Z Z Uk,eFiee(t), Vo =V(0),
kEA (=1

2Here and in the sequel the letter ¢ denotes various constants, independent of
the particular choice of the initial data.
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and

> ikaFk,z(t% Wo = W(0).

EEK\A =1

Applying our assumption (6.5) for W instead of U, we have

Z/ p; (W ()2 dt < c||Wo|. (6.10)

Furthermore, since V' is given by a finite sum, we also have

Z / pi(V(£)? dt < cl|Vo® (6.11)
I

Indeed, using the definition of the seminorms we have

> [ vt a=3 [ (L S tehicto) a

keA (=1

Z/ ZZWMZM i ijM 7)>2dt

Ij “keA e=1

Now using the triangle inequality and then the Riesz basis property we con-
clude from (6.10) and (6.11) that

Z/pj dt<22/pj dt+22/pj

< 2¢|Vo||* + 2¢||Wo |1

<ey i Uk

kEK £=1
< || Uol*.
Now given m intervals Ji,..., J,, arbitrarily, let us choose finitely many
real numbers ¢1,. .., t, such that for each j = 1,...,m the translates

Ij—Ftl,...,Ij—Ftn

of the interval I; cover the interval J;. Then, taking into account the transla-
tion invariance of equation (6.4), we have
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Z/% rasS [ anW I

7.1]11+t

The proof of (6.9) will be complete if we establish for every fixed ¢ € R the
estimate
U@ < ) Uo]*.

This follows by a direct computation: using the Riesz basis property, we have
mE Mg t@ i Akt

Wwwzx@mw ST T 35 3)) sl

kEK i=1 (=i k€K i=1 (=1

Since the sequences (my) and (R\x) are bounded, the last expression is ma-

jorized by
my
)Y > Uil

keK i=1

and we conclude by applying the Riesz basis property again.

The inverse inequality in (6.7) is considerably deeper. We begin with a
technical lemma. Given § > 0 and A € C arbitrarily, for every continuous
function U : R — H we define, following Haraux [48], another continuous
function I5 U : R — H by the formula

5
L;,,\U(t) = U(t) — 215 / €_>\SU(t + S) ds.
—d

Lemma 6.3. (a) Given a solution

t) = Z ZkUkij,g(t)

keK (=1

of (6.4), V :=1I5,U is also a solution of (6.4) (with a different initial datum

V()).' .
Vv t) = Z Z Vk74Fk74(t)

keK (=1
IfUy € Z, then Vy € Z.

(b) If p is a seminorm on Z and (a,b) is an interval, then we have the
estimate

b+0

/bp(V(t))2 dt < c/ p(U(t)* dt, for all Up€ Z. (6.12)
a a—0

(c) We have Vi, . = 0 whenever A = .
(d) For all but countably many 6 > 0 we have the estimate
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Z Zk: |Uk,el* < c Z Z’i Vil (6.13)

kEK (=1 kEK (=1
NEAn AEXk

Remark. The property (c¢) is crucial: it shows that by applying the operator
I » we can remove at least one term from the sum defining U (¢).

Proof. (a) Using the translation invariance of equation (6.4) we have
V' = (I \U) = Is \U" = I, NAU = A(I;,\U) = AV.

The second relation follows from the A-invariance of Z.
(b) For every fixed ¢t € R we have

J 2
p(V(1)? < 2p(U(t))* + 2p<216 /—5 e MU(t + 5) ds)
g 2
< (U1 + /_ U 5)) ds)
o, U7 ’ 2
< 2p(U(t)) —|—252/_5|e 28| ds/_ép(U(t—Fs)) ds

G2ARAS 1+
<upOwr+ 5 [ e as

Therefore,

/abp(V( £)? dt<2/ p(U(0)? dt + 28W/ /:M 2 ds dt
_ / U di + 2IRA[S /ab+5/mm{bs+5} Do) dt ds

ax{a,s—d}
b
< 2/ p(U(t))? dt+2e2‘m|5/ ) p(U(s))? dt,

and (6.12) follows with
¢ =24 2279,

(¢) We have
My Mg U 6 B iy
=TS ey ([ e )
keK i=1 (=i
whence

mE Mg

Uk, 2 i Oen)s
VO—UO—ZZZ% (/ e ds)Ek,i.

keK i=1 (=i
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It follows that

mi 5
Uk e _ —
Vi:Ui—E : k=N gl=i g 6.14
ki = Uk, e_i26(€—i)!/_56 o (6.14)

for all k, . In particular,

L%
Vime = Uk,my (1— 25/56( r=A)s ds),

and the last factor vanishes if A\, = \.
(d) Tt follows from (6.14) that the matrix Ay that tranforms the vector

(Uk,la ey Uk,mk) into (Vk,h ceey Vk,mk)

is triangular, with determinant equal to

my

B L% (s T sinh(\ — \)d
Ak.—l_[l(l—zts/_ée((’\ )‘))ds>—i1:[1(1— O — )0 )

This is an analytic function of ¢ for every k, and it is not identically zero if
A # M. Hence for all but countably many § > 0 we have A # 0 whenever
Ak # A, so that Ay is invertible. Furthermore, for every such fixed §, we deduce
from the assumption |A\;| — oo and from the boundedness of the sequences
(my) and (RAg) that ||[I — Ag|| — 0. Indeed, observe that all integrals in (6.14)
tend to zero as k — oo: integrate by parts or use the Riemann-Lebesgue
lemma. Therefore, we also have ||[I — A;'|| — 0 as k — oo. Hence

sup || — A,ZlH < 00,
A AN

and (6.13) follows.

Now we establish a somewhat weaker form of the inverse inequality in (6.7):
observe that the terms k € A are missing on the left-hand side of inequality
(6.15) below.

Lemma 6.4. Under the assumptions of Theorem 6.2 we have

DD Uk < «:Z/]pj(U(lt))2 dt (6.15)

kEK\A £=1

for all solutions of (6.4) with Uy € Z.

M:ka

Proof. Set
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and fix a sufficiently small ¢ > 0 so that writing I; = (a;,b;), we have
(aj — Mo, b+ Mé)C J; for j=1,...,m.

We can choose § such that the estimate (6.13) of the preceding lemma is
satisfied for every A\, with & < k’. Let us introduce the linear operator

I=TTUsa)m™

keA

(composition of M linear operators). It follows from the definition of I y that
I does not depend on the choice of the order of the factors I5 5, . Hence, by a
repeated application of the preceding lemma we obtain that for every solution

mp
U(t) = Z ZUk,éFk,Z(t)
keK =1
of (6.4), the function V := IU has the form
mg
V(t) = Z Z Vi, e Fie,o(t),
KEK\A £=1
and we have the following estimates:
myg myg
Z Z |Uk|* < c Z Z [Vie|?
EEK\A £=1 KEK\A £=1

and
. 2 c . 9 '
]2_1:/ijJ(V(t)) dt < ;/ij](U(t)) dt

Let us also remark that V is also a solution of (6.4). Since its initial datum
Vo belongs to Z4, we have

mg m
> Y Wl = el <Y [ pi(vie)? a
kEK\A £=1 =174

by the assumptions of the theorem.
Combining the last three inequalities completes the proof of the lemma.

Now we are ready to complete the proof of Theorem 6.2.

Proof of the inverse inequality in (6.7). We have to prove that

0 <> [ pywie)? a (6.16)
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for all Uy € Z.

It suffices to consider the case in which \; has the same value, say A, for all
k € A: the general case then follows by induction. Furthermore, by increasing
A if necessary (recall that this only weakens the assumptions of the theorem),
we may assume that A; has a different value for all k£ € K\ A.

Set

=> iUka,z(t)y Vo = V(0), (6.17)

keA =1

and

Z Zk Uk, Fie(t),  Wo=W(0),

KEK\A (=1

sothat U =V + W.
Assume for the moment that

Wl < e [ vy a (6.15)

Then, using the triangle inequality and then the Young inequality, we have

1UGlI* < 2||Voll* + 2[|Wol?

Z/m 2 dt) + 2| Wo

Z/ 2, (U ()2 + 2, (W (1)) dt) +2]|Wo .

I /\

Applying the assumption (6.5) of the theorem for W instead of U, it follows

that
%sz/m 2 dt + | Wl

Using the Riesz basis property

my
Wol? <e > > |[Urel?

EEK\A =1

and then applying Lemma 6.4, we conclude that

\UOH2<C Z/pj dt —|—c Z/ p; (U )

Since I; C J; for every j, (6.16) follows.
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It remains to prove (6.18). Since the vector space of functions of the form
(6.17) is finite-dimensional, it suffices to prove that if a function of this form
satisfies

pi(V(#) =0 in I (6.19)
for j=1,...,m, then V(0) = 0.
Observe that (6.19) implies that

p;(V™W(t)) =0 in the interior of I

forallj=1,....mandn=1,2,.... For example, for any fixed interior point
t € I;, using the continuity of the seminorm p;, we have

0<p;(V'(1)

. V(t+h)=V(t)
— P (;lfi% h )
. V(t+h)=V(t)
- %ﬂpﬂ'( h )
< iy PPV E+R) +p;(V(2))
= h—0 I '

and the last fraction vanishes if h is close to zero so that ¢ + h € I;. Hence
p;(V'(t)) = 0.
Writing LU = U’ — AU, it follows thus from our hypothesis that

p;j(L"V(t)) =0 in the interior of I

forallj=1,...,mand n=0,1,....

Now assume to the contrary that Vo # 0, and let us apply this equality
with the largest integer n such that Uy ,, # 0 for some k”. Setting U, = 0
if n > my, and using the relations

AFk,E(t) = )\Fk’g(t) =+ Fk,E—l(t)

for k € A (see p. 33 and recall that A\, = A for all k € A), we have

LW () =Y UknBa,
keA

so that
pj<z Uk,nEkJ) =0, j=1,...,m.
keA

Applying the hypothesis of the theorem and then using the linear indepen-
dence of the vectors Ej 1, we conclude that Uy, = 0 for all k. However, this
contradicts the choice of n.

Let us end this section by formulating an important consequence of The-
orems 6.1 and 6.2. As in Theorem 6.2, consider again the solutions of the
problem
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U' = AU, U(0) = Uy, (6.20)

in an infinite-dimensional complex Hilbert space H, where A is an unbounded
linear operator defined on some linear subspace of H, with values in H, satis-
fying hypothesis (RB) on page 34. Write A, = iwj, and assume that

the numbers wy, are distinct. (6.21)

Furthermore, assume that there exist a finite subset A of K, a positive number
~', and a positive integer M such that

wy, is real and my, = 1 for every k € K\ A (6.22)

and

{no interval (wy — 7/, wk + ') with k € K\ A contains (6.23)

more than M members of the family (w)rer\A-

Finally, let p(-,-) be a semiscalar product on Z, and denote by p(-) the corre-
sponding seminorm. Assume that

p(Ek,1) <1 (6.24)
and
Ip(Bk1, Eni)] — 0 as |wp —wn| <" and k,n — +oc. (6.25)

Theorem 6.5. Assume (6.21)—=(6.25) and let I be an interval of length |I| >
27t /7'. Then the solutions of (6.20) satisfy the estimate

/I p(U(0)? dt < |[Uo? (6.26)

for allUy € Z.

Remark. Despite the numerous hypotheses, we shall see in the next sections
that this theorem has many applications.

Proof. Theorem 6.5 follows from Theorems 6.1 and 6.2 in the same way as
Theorems 4.3 and 4.5 implied Theorem 4.6 in Section 4.3 (p. 67). For the
proof of the uniqueness hypothesis of Theorem 6.2 we note that assumption
(6.21) implies that every eigenvector E of A is a multiple of some element Ej, 1
of the Riesz basis, say E = cE), 1. Hence if p(F) = 0, then we have necessarily
¢ =0 and thus E = 0 because p(Ej1) # 0 by assumption (6.24).
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6.3 Observation of a String at Both Endpoints with
Mixed Boundary Conditions

Let us return to the system studied in Sections 3.4, 4.5, and 4.7 (pp. 45, 74,
79):
Upp — Ugy + au =0 in R x(0,¢),
u(t,0) =uy(t,£) =0 for teR,
u(0, z) = up(z) for x€(0,90),
u(0,2) = ug () for € (0,¢).

We recall from Proposition 4.9 (p. 74) that if

(6.27)

up € V:={ve H(0,£) : v(0) =0}

and
up € H := L*(0,),

then (6.27) has a unique solution satisfying
u € C(R; V)N CYR; H).

Furthermore, setting

IN7

and
B() = [ us(t. ) + et a) do.
we have3 -
u(t,z) = Z(akei”"‘t + a_pe R sin ppa
k=1

with suitable complex coefficients a; and a_j such that
E(0) < Zk2(|ak|2 +la—il?) < oco.
k=1

We have postponed until now the proof of Proposition 4.13 (p. 79). Now
we establish this result by applying Theorem 6.5 above. Let us recall the result
we are going to prove:

Proposition 6.6. If T > {, then the solutions of (6.27) salisfy the estimates

(-, 0) [ Z2 0,7y + -, Ol 0.1y = E(0)

for all ug € V and u; € H.

iwpt

31f wy, = 0 for some k, then the term age +a_pe Wkt jg replaced by ax+a—_xt.
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Proof. It follows from the proof of Proposition 3.4 (p. 47) that the solutions
of the associated problem U’ = AU are given by the formula

Uty= > Uk Ey
keZ\{0}

with

(sin ppx, Tiwg sin ppx)
\/M% + |wi|?

for k=1,2,.... If wy = 0 for some k, then the term

w_p:=—wr and FEip:=

Upe " By + U_pe " E_y
is replaced by
Uy (sin pr, 0) + U—g ((0, sin pga) + t(sin pg, 0)).
Since we know that

E(0) =< U017

the estimate of the proposition is equivalent to

[y = ooy
where p is a Euclidean seminorm on Z, defined by

= VIFOPR+£OR+9@)>, (f,.9) €2

We will prove this inequality by applying Theorem 6.5. Since |I| > ¢ by
assumption, there exists a number v < 27 /¢ such that |I| > 27 /4. Using the
definition of py and wy one can readily verify that assumptions (6.21)-(6.23)
are satisfied with M = 3 and A = {£1,+2,..., £k} for a sufficiently large
integer k'.

Condition (6.24) easily follows from the equality

Vi 1+ Jwl?
Vg + w2

because p2 =< |wg|* < k?, so that the above fraction tends to 1.

For the proof of (6.25) we note first that if |k| and |n| are sufficiently large,
then the inequality |wr — wy| < 7/ can occur only if k& and n are consecutive
integers. Hence it suffices to prove that

P(Er1) =

p(Ek1, Eri1,1) and p(E_g1, E_g—11)

tend to zero as k — oo. For this, we observe first that
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P(Ek1, Eri11) =p(E—g1, E_p—11)
Mgt S0l S0 g £+ Wpwhpy SIn gl sin iy 0
ViR + Iwkl2\/ui+1 + |wk1?
ikl — 1 — wpwri

Vi + ol \/Mﬁ+1 + |wr1]?

Here the denominator tends to infinity (as k%) because pi =< |wi|? < k2.
Therefore, the proof will be complete if we show that the numerator remains
bounded as k — oo.

Since ui, < k? and thus

a

= 0(k™?) = mrO(k™),
Vi, +at

Wi — fig =

we have

_ 2
Mttt — 1 — wewia1 = pepes1 — 1 — s (1+ O(k™)
= —1+ prpr1 Ok ™)
—00).
This completes the proof.

Remark. The above proof could easily be adapted to give new proofs of
Propositions 4.11 and 4.12 in Section 4.6 (p. 75), which avoid the “trick” of
separating the odd and even indices.

6.4 Observation of a Coupled String—Beam System

Let us consider the one-dimensional case of the coupled system (3.12) intro-
duced in Section 3.8 (p. 53):

Ut — Uge + at +bw =0 in R x(0,¢),

Wit + Wagae + cb+dw =0 in R x(0,9),

u(t,0) = u(t,£) =0 for teR, (6.28)
w(t,0) = w(t, ) = Wy (t,0) = wyr(t,€) =0 for teR,

u(0,z) = uo(x) and w(0,z) = vo(x) for z € (0,0),
w(0,2) =wo(x) and w(0,2) = zp(x) for z € (0,9).

The energy of the solutions can now be written in the following form:

1 é
E(t) = N /0 |uw(t,x)|2+|ut(t,x)|2+|wgﬂ(t,x)|2—|—|(A_lwt(t,x))I|2 dr, teR.

We are going to establish the following observability result:
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Proposition 6.7. For almost all quadruples (a,b, ¢, d) of real numbers, if I is
an interval of length |I| > 2¢, then the solutions of (6.28) satisfy the estimates

||Uw('70)H2Lz(1) + ”wﬂﬂ('?O)HQL?(I) = E(0) (6.29)
for all
Up € H&(Q), U € LQ(Q), wo € H&(Q), and wy € H_l(Q).

Remark. The following proof can easily be adapted to the case in which «
and w are observed at different endpoints of (0,¢), or when they are observed
at both endpoints. We do not insist on this here because we will prove a much
more general result in the next section.

Proof. Putting
U:(u,v,w,z), UOZ (U(),U(),UJO,ZO),

and using the Riesz basis of Proposition 3.9 (p. 54), by Theorem 3.1 (p. 36)
the solution of (6.28) is given by a series*

co 4
Wi it
=D Unjc“*i'Ey.

k=1 j=1

Since .
B(0) = |00,

we complete the proof by verifying the conditions of Theorem 6.5 (p. 102)
with the Euclidean seminorm p defined by

p(f, 9.0 k) = V(02 + g’ (0)12,  (f,g.hk) € Z=2Z%

Let us choose the real numbers a, b, ¢, d such that each 4 x 4 matrix Ay
in the proof of Proposition 3.9 has four distinct eigenvalues and, moreover,
such that different matrices Ay have no common eigenvalues. Observe that the
exceptional quadruples (a, b, ¢,d) form a countable union of hypersurfaces® in
R%, so that almost every quadruple (a, b, c,d) in R* has this property.

Then condition (6.21) is satisfied. Furthermore, condition (6.22) is satis-
fied because all eigenvalues are simple, and because we chose real coupling
coefficients. (See the last statement of Proposition 3.9.)

Taking into account the asymptotic behavior (3.15)—(3.16) of the eigen-
values and the equality

4With usual changes in a finite number of terms if generalized eigenfunctions are
also present.

SNamely, the solutions of the algebraic equations Wk,j = Wm,n for different pairs
(k,j) and (m,n) in the unknowns a, b, ¢, d.
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VA = o= b/,
we see that condition (6.23) is satisfied with M = 2 for every v < 7/¢, by
choosing a sufficiently large set A so as to exclude the eigenvalues wy, ; with a
not sufficiently large k. Since |I| > 2¢, we may choose 7’ so as to satisfy the
inequality |I| > 27/4/, too.

In order to verify the last two conditions (6.24) and (6.25), we use the
asymptotic behavior (3.13)—(3.14) of the eigenvectors Ej ;. First of all, using
the equality

er(x) = sin pgx
we have

P(Ery) =5 P = 1.

Since ||Ey ;|| < 1 (because {Ey_ ;} is a Riesz basis), this proves (6.24).
Finally, for the proof of (6.25) first observe that if 0 < |wg j — Wmn| <
with sufficiently large indices k& > m, then we necessarily have

0 < |k —Ym| <7

and n = j + 2 by the asymptotic formulae (3.15)—(3.16). Then using also the
asymptotic relations (3.13)—(3.14) we obtain that

—1/2

P(Bjs Emn) = (v /2 ur)o(1) + o(1) (7, /?

) = of1).
This proves (6.25) and thus completes the proof of the proposition.

Example. One may wonder whether there are exceptional parameters indeed
for the validity of (6.29). The answer is yes. For instance, if we choose £ = 7
for simplicity and put

a=—-56+m? b=-52, ¢=800, d=T784+m?,

where m is an arbitrarily fixed real number, then the following formulae define
a nonzero solution of (3.12) for which, however, u, (¢,0) = w,(¢,0) = 0 for all
teR:

u(t, ) = cosmt(65sin 2x — 52 sin4z + 13 sin 6z),
w(t,x) = cos mt(—65sin 2z + 40 sinda — 5 sin 62).

See [76] for a more general example.

6.5 Observation of a Coupled System: A General Result

In this section we generalize the result of the preceding one to all spatial
dimensions and to more general observations. Let us consider the system of
Section 3.8 (p. 53):
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u — Au+au+bw =0 in Rx £,

w” + A?w + cu + dw = 0 in Rx {2,

u=20 on R x T (6.30)
w=Aw=0 on R x T,

u(0) =wup and ' (0)=wu; in 2,

w(0) =wy and w'(0)=w; in {2

We recall from Proposition 3.8 (p. 53) that the problem is well-posed in the
Hilbert space

H = Hy(02) x Hy(02) x L*(2) x H(12).

We are interested in the validity of the estimates

/ / |0, ul? dl dt+/ / |0, w|* dI" dt < E(0), (6.31)
Ju u J'w w

where J,, J,, are two given intervals, I, I, are two open subsets of I', and
the energy of the solutions is defined by the formula®

1
B(t) = 2/Q|Vu(t,x)|2+|u’(t,x)|2+|Vw(t,x)|2+|VA_1w’(t,x)|2dw, teR.

We need a geometric condition. Assume that there exist two points
Ty, Ty € RY such that (see Figure 6.1 and the first remark below)

(x —xy) -v(xr) <0 forall ze I\l (6.32)
and
(x —xy) - v(x) <0 forall xe '\I,. (6.33)
Then putting
R =R, := sup|z — x|, (6.34)
€N

we have the following result:

Proposition 6.8. Assume (6.32) and (6.33). Fiz an interval J, of length
|[Ju] > 2R and an arbitrary interval J,,. Then the estimates (6.31) hold for
almost all quadruples (a,b,c,d) of complexr numbers.

6As in Section 3.5 (p. 48), A™! denotes the inverse of the restriction of A to
H(0).
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I\I,

Iy,

Fig. 6.1. The geometric condition

Remarks.

e Intuitively, (6.32) and (6.33) require that both I, and I, represent more
than half of the boundary (but not an arbitrary half!). They are obviously
satisfied if I, = I, = I'. They are also satisfied if {2 is an annular region
and I, = [, is its outer boundary. In the one-dimensional case 2 = (0, )
we may take

r,={0},r,={¢}, or I,=1{0,¢},

and independently
r,={0},I,={¢, or I,={01¢}.

e Notice that R is the smallest real number for which the open ball Br(z,,)
of center z, and radius R contains the domain (2.

e The proposition and its proof remain valid if we replace (6.32)—(6.34) by
the geometric control condition of Bardos, Lebeau, and Rauch [11].

e The proposition was first established in [76] for the case in which 2 is
a ball, by the method of the preceding section, and then in [82] for the
general case, in an indirect way. The constructive proof given below is taken
from [80], where systems of more than two equations were also studied.
Recently, Mehrenberger [107] obtained rather precise information on the
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structure and size of the set of exceptional parameters in case of several
coupled equations.

For the proof of the proposition we shall use the direct and inverse in-
equalities for the wave equation and for the Petrovsky system in a general
domain. Let us first recall these results for the wave equation.

Proposition 6.9.
(a) The solutions of the problem

v —Au+f=0 in R x (2,
u=0 on RxT, (6.35)
u(0) =u(0)=0 in  §2,

satisfy for every T > 0 the direct inequality

T T
/ /|8l,u|2 dr’ dt < c/ /|f(t,ac)|2 dx dt
o Jr 0o Jo

for all f € LL (R; L?(02)), with a constant ¢ depending only on T.

loc

(b) Assume (6.32) and let I be an interval of length > 2R, where R is
given by (6.34). Then the solutions of the problem

u' — Au=0 in R x 2,
u=0 on RxT, (6.36)
u(0) =uyg and u'(0)=wu; in £,

satisfy the estimates
/ |0, u|? dI dt = / | Vol + |u1|* de.
1Jr, [0

Remarks.

e Part (a) of the proposition is due to Lasiecka and Triggiani [91]. (The
well-posedness of this inhomogeneous problem follows from the remark
after Theorem 2.1, p. 10.) Part (b) was first obtained by Ho [50], under a
stronger assumption on the length of I. His result was improved by Lions
[96] by an indirect argument based on Carleman’s uniqueness theorem.
Subsequently, a simple constructive proof was given in [62] that avoided the
use of Carleman’s result. Although these proofs are based on the multiplier
method, which is not the subject of this book, for the convenience of the
reader we reproduce in the next, optional, section the proof of Proposition
6.9 for star-shaped domains, and we refer to Lions [97] or to [67] for the
general case. The condition 7" > 2R is optimal if {2 is a ball centered at x,,,
or more generally if {2 contains a line segment of length 2R. This can be
shown by a simple argument demonstrating the finite propagation speed
for the wave equation; see, e.g., [67], Remark 3.6.
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e More complete results were established by Bardos, Lebeau, and Rauch
[11], using microlocal analysis.

e If we replace the Dirichlet boundary condition by the Neumann boundary
condition in (6.35) and (6.36), then the just-mentioned methods provide
less precise results; see [97] or [67] again. We will show in Chapter 7 (see
Proposition 7.1, p. 128) that except for the one-dimensional case, the cor-
responding natural boundary integral can no longer be expressed in terms
of Sobolev norms of the initial data.

Next we recall some analogous results on the Petrovsky system.

Proposition 6.10.
(a) The solutions of the problem

w' + A2w+ f=0 m R x (2,
w=Aw =0 on RxT, (6.37)
w(0) =w'(0)=0 in £,

satisfy for every T > 0 the direct inequality

T T
/ / w2 dI dt < ¢ / 112 dt
0 r 0

for all f € LL (R; H=1(R2)), with a constant ¢ depending only on T.

loc
(b) Assume (6.33) and let I be an interval of arbitrary length. Then the
solutions of the problem

w” 4+ A?w =0 in R x £,
w=Aw=0 on RxT, (6.38)
w(0) =wy and w'(0)=w; in 2,

satisfy the estimates

J [ vl ar el o + s B

Remarks.

e Part (a) of the proposition is due to Lions [96]. He also established part
(b) for sufficiently long intervals I. His assumption on the length of I was
weakened by an elementary argument in [62] and then completely relaxed
by Zuazua [139], who applied an indirect argument based on Holmgren’s
uniqueness theorem. An alternative, constructive, proof was later given
in [63], without using Holmgren’s theorem. For the convenience of the
reader, in the optional Section 6.7 we reproduce this last proof for star-
shaped domains, and we refer to [67] for the general case. Let us also note
that using microlocal analysis, more general results were established later
by Lebeau [92].
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e As in the case of the wave equation, the situation is more complex in
the case of other boundary conditions. We shall examine this question in
Chapter 7 (see Proposition 7.11, p. 143).

Turning to the proof of Proposition 6.8, let us rewrite the problem (6.30)

in the form

U =AU, U(0)=U,,
as in Section 3.8 (p. 53), and let us introduce the same Riesz basis as in
Proposition 3.9.

Given two intervals J,, and J,, with |J,| > 2R, fix two new intervals I,
and I, such that |I,,| > 2R, the closure of I, belongs to the interior of .J,,
and the closure of I, belongs to the interior of J,. We are going to apply
Theorem 6.2 (p. 93) with m =2, I = I,,, I = I,,, and with the seminorms
given by

p1(u,w, h, k) == ||0pullr2(r,) and  pa(u,w,h, k) :== [|[Oywl|z2(r,)-

We have to show that for a sufficiently large integer &/, the estimates

//|ayu|2 dr dt+/ / |0,w|? dI" dt < E(0) (6.39)
I, JI, Iy J Ty

hold for all finite sums of the form

00 4
U(f) = Z ZUk’jeiwk‘thk,j.
k=k' j=1
(By rearranging the terms if necessary, we may assume that v, > 5 for all
k>K.)
Furthermore, we have to show that if AUy = AUy for some Uy =

(u,w, h, k) € Z and if
dou=0 on I, and d,w=0 on I,
then

Fix a large integer &/, to be chosen later. Let us write the solution of (6.30)
in the form
u=ur+u and w=wy;+w,

where uy solves (6.35) with f := au + bw, u solves (6.36), wgy solves (6.37)
with g := cu + dw, and @ solves (6.38). Applying part (a) of the preceding
two propositions for uy and wy, we obtain that

//|a,,uf|2 dth+/ / |0, wy|? dI" dt
I, JI, Iy J Ty

< C/I ullZz( ) + lwliZzo) dt+C/I lull- (@) + Wiz (o) dt-



6.5 Observation of a Coupled System: A General Result 113

Choosing an interval I’ containing both I,, and I, using the continuity of the
embedding L2(£2) C H=1(£2) and then the definition of the eigenvalue v, it
follows that

C
/ 10,2 dT dt+/ 10, w, |2 T dt < /||u||§,é(m+uw||§,é(m dt.
I, JTy I, J Ty Ve S

Now using the well-posedness estimate (3.5) of Theorem 3.1 (p. 36), the defi-
nition of the energy, and the equality

1
E©) =, 0ol

we conclude that

/ / O up|? dT dt+/ / 0,w,|? dI" dt < ' E(0) (6.40)
I, J I, I, J Iy, Vi’

with some constant c;.
Next, applying part (b) of the preceding two propositions for @ and w, we
obtain that

c2B(0) < / |0, a|* dI dt +/ |0, @[> dI" dt < c3E(0)  (6.41)
I, JI, Ly J Ty

with two positive constants co and cs.
Applying the Young inequalities

|8,,u|2 < 2|(“)l,uf|2 + 2|8,,ﬁ|2 and |(r“)l,w|2 < 2|8,,wg|2 + 2|8,,1§|2,

we conclude from (6.40) and (6.41) the first half of (6.39):
2
/ 10, ul? A dt+/ 9, w|? dI" dt < ( “y 203>E(0).
Iy J Iy w Y Ty VK

Furthermore, using the Young inequalities in the form
|0,1)? < 2|0,uys|* +2|0,ul* and |9, @] < 2|0,wy|* + 2|0,w|?,
we also conclude from (6.40) and (6.41) that
(C2 _a )E(O) < / 0, ul? dT" dt+/ 9, w|? dI" dt.
2 Tk’ I, Jr, I, J T,

Therefore, if we choose k' so large at the beginning that
C2 C1
— > 0,
2 Yk’

then (6.39) follows.
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It remains to establish the above-mentioned uniqueness property. For this,
let us choose the coupling coefficients a, b, ¢, and d such that

Wk,j 7 Wm,n Whenever i # vp,.

As in the preceding section, the exceptional quadruples (a,b,c,d) form a
countable union of hypersurfaces, so that almost all quadruples (a, b, ¢, d) have
the required property.

Now assume that AUy = AUy for some Uy = (u,w, h, k) € Z,

Ou=0 on I,, and J,w=0 on I,.

Then u, w, h, k are scalar multiples of a common eigenfunction of —A in
£2 with Dirichlet boundary condition. Using Carleman’s unique continuation
theorem? it follows that © = w = 0 in 2. Since the relation AU, = AU,
implies that A = Au and & = Aw, we also have h = k = 0 in (2. Thus Uy = 0,
and the proof is complete.

6.6 * Proof of Proposition 6.9 by the Multiplier Method

By considering the real and imaginary parts of the solutions, it is sufficent
to establish the desired estimates in the real case. Furthermore, by a density
argument it suffices to consider solutions of (6.35) and (6.36) (p. 110), or more
generally of the problem

' —Au+f=0 in R x 2,
u=0 on RxT, (6.42)
u(0) =up and v/ (0)=wu; in £,
with
up € H*(2) NHY(2), wy € HY(2), and fe CHR;L*(N2)).
Then the solution satisfies
u € C(R; H*(2)) N CH(R; H' (2)) N C*(R; L*(£2))

in view of the remark after Theorem 2.1 on p. 10, and this regularity property
justifies all computations that follow. In the sequel all solutions are assumed
to have this regularity.

For the sake of simplicity, we consider only the case of conver or more
generally star-shaped domains; i.e., we assume that there exists a point x,, € {2
such that

(x —xy) -v(x) >0 forall zel. (6.43)

"A simple proof of this theorem was given by Garofalo and Lin in [37], [38].
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This implies (6.32) with I, = I'. The general case can be proved by a slight
adaptation of the arguments below, as explained later in this section.

The proof is based on the multiplier method. Our main tool is the following
technical lemma, which goes back essentially at least to Rellich [119]. Let us
introduce the notation

m(z) =z -z, and Mu:=2m- -Vu+ (N —1)u,
where the dot stands for the usual scalar product in R¥.

Lemma 6.11. The solutions of (6.42) satisfy for every T > 0 the following
identity:

/OT/F(m V) (0,u)? dI dt

T T
= [/ u' Mu d:z:} —|—/ / (u')? + |Vul* + fMu dx dt. (6.44)
0 0 0o Jo

Proof. Integrating by parts, we obtain that

_/OT/QfMu dr dt:/OT/Q(u”—Au)Mu d dt (6.45)

T T
_ [/ W' Mu dx} —/ /((“)l,u)Mu dr dt
2 0 0o Jr
T
—|—/ / —u'Mu' + Vu-V(Mu) dz dt.
0o Je

Let us transform the last integral. We have
u'Mu' = 2u'm - Vu' + (N = 1)(u)? =m-V(u')? + (N - 1)()?,
so that integrating by parts and using the relation div m = N, we obtain the

equality

—/ u'Mu de=— | m-V(u)?+ (N -1)()* de (6.46)
o 0
= —/F(m V) (W) dIl + /Q(u’) d.

Next, applying the summation convention of repeated indices and using
the relation 9;my = d;x, we have

Vu - V(Mu) = (9;u)d; (2my0pu + (N — 1)u)
= 2(81u)(81mk)(3ku) + 2mk(6lu)(8k81u) + (N — 1)|VU|2
=m-V(|[Vul’) + (N + 1)[Vul”.
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Hence

/ Vu-V(Mu)dz= | m-V(|Vul?) + (N +1)|Vu|? dz (6.47)
2 2

:/(m-y)|vu|2 dF+/ |Vu|? da.
r

Substituting (6.46) and (6.47) into (6.45), we conclude that

T
—/ fMu de dt = [/uMudx / / 2 4 |Vul? de dt
0 2

/ / du)Mu + (m-v)((W')? — |Vul?) dI" dt.

Until now we did not use the boundary condition in (6.42). Now we observe
that since u = 0 on the boundary, we also have

v =0, Vu=(0u)y, and Mu=2(m-v)d,u on I.

Hence the expression in the boundary integral reduces to (m - v)(d,u)?, and
(6.44) follows.

Next we recall from [62] the following lemma:

Lemma 6.12. Given u € H'(£2) arbitrarily, we have the following identity:

/Q(Mu) dx:/ﬂ|2m~Vu| +(1—-Nu dx—|—(2N—2)/F(m~u)u dar.

Hence, if u also vanishes on I', then we have

/(Mu)2 dx < 4R2/ |Vul? da.
Q 2

Proof. We integrate by parts, and we use again the relation div m = n as
follows:

/ (Mu)? do = [ |2m-Vu+ (N — Dul? dx
7 7}
= / [2m - Vu|? + (N — 1)%u® + 4(N — L)u(m - Vu) dz
7}
= / 12m - Vul|? + (N — 1)%u* + (2N — 2)m - V(u?) da
7}
= / |2m - Vul|? + (N — 1)%*u* = N2N — 2)u? dz
7}
+ (2N —-2) / (m - v)u? dI.
r

We conclude by remarking that
(N-12-N@2N -2)=1- N2
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Now we prove the direct inequality in star-shaped domains.

Proof of part (a) and of the direct inequality in part (b) of Proposi-
tion 6.9. The continuous factor m - v has a strictly positive minimum on the
compact boundary I" by our geometric assumption (6.43). Hence the left-hand
side of the identity (6.44) is minorized by a positive constant multiple of

/()T/F(a,,u)2 dr dt.

E = ;/Q(u’)2 + (Vu)? da

Furthermore, putting

as usual and applying the preceding lemma, we have
1
‘/ u' Mu dx‘ < / RW)?*+ —(Mu)? dr < R/ (u')? + |Vul* de = 2RE.
0 0 4R 0

Therefore, using the preceding lemma again, the right-hand side of the identity
(6.44) is majorized by

T T
2RE(0) +2RE(T)+2/ E(t) dt+2R/ 1F ()l 22y V/2E(t) dt
0 0
and hence by

1/2
(AR +2T)|| E po<(o,r) + 2R| fllLr(0,7522(2)) H2EHL/0<>(0,T)'

If f =0, then the energy E is conserved because we are in the skew-adjoint
case, so that the last expression reduces to

(4R +2T)E(0) = (T + 2R) ([luol%s gy + a3

This proves the direct inequality in part (b) of the proposition for intervals
of the form I = (0,7). The general case follows by using the translation
invariance of the differential equation in (6.36) and the conservation of the
energy.

If up = u1 = 0, then using the variation of constants formula for the asso-
ciated abstract first-order problem with F = (0, f) (see the remark following
Theorem 2.1 on p. 10 and take into account that we are in the skew-adjoint
case), we obtain the estimate

1/2
||2E||L/oo(o,;r) <\ fllzro, 502 (2))-
Therefore, the last expression is majorized by

(6R + 2T)HfH%1(O,T;L2(Q))

as required.
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Remark. It is easy to adapt the above proof to general domains: it suffices to
replace the vector field m of Lemma 6.11 by an arbitrary sufficiently smooth
vector field satisfying m = v on the boundary I'. Such vector fields can be
constructed by using a partition of unity. See Lions [97] or [67] for the details.

Proof of the inverse inequality in part (b) of Proposition 6.9. As
above, it suffices to consider intervals of the form I = (0,T'). The right-hand
side of the identity (6.44), since the term fMu is missing, is minorized by

(2T —4AR)E(0) = (T — 2R)(||U0||§15(9) + il Z2(e))-

Since T'—2R > 0 by assumption, we conclude by remarking that the left-hand
side of the identity (6.44) is majorized by

T
R/ /(8,,u)2 dr dt
0 r

because m - v < R on the boundary.

Remark. Let us emphasize that we did not use the star-shapedness of (2 in
the proof of the inverse inequality. In the general case the left-hand side of
the identity (6.44) is majorized by

T
R/ / (O,u)? dI dt.
0 Iy,

6.7 * Proof of Proposition 6.10 by the Multiplier Method

For the sake of simplicity we restrict ourselves again to the case of star-shaped
domains; i.e., we assume that there exists a point x,, € {2 such that

(x —xy)-v(xr) >0 forall zel. (6.48)

This implies (6.33) with I, = I'. The general case can be proved by the same
type of adaptation as in the preceding section.

If we replace the solution w by A~!'w and f by A~!'f, then Proposition
6.10 may be reformulated in the following equivalent form:

Proposition 6.13. Assume (6.48).
(a) If f € L (R; H} (£2)), then the solution of the problem

w' + A2w+ f=0 m R x (2,
w=Aw=0 on RxT, (6.49)
w(0) =w'(0)=0 in £,

satisfies for every T > 0 the direct inequality
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T T
/0 /F|8yAw|2 dr dt < c/o 11173y t

with a constant ¢ depending only on T.
(b) Let J be an arbitrary interval. If

wo €Vi={veH¥N) : v=Av=0 on I'} and w; € H}(N),
then the solution of the problem
w’ + A%w =0 in R x {2,

w=Aw =10 on RxT, (6.50)
w(0) =wy and w'(0)=w; in £,

satisfies the estimates

//|8L,Aw|2 ar dtx/|VAw0|2—|—|Vw1|2 dz.
JJr 0

By a density argument it suffices to consider solutions of (6.49) and (6.50),
or more generally of the problem

w’ + A2w+f=0 in R x {2,
w=Aw=0 on RxT, (6.51)
w(0) =wy and w'(0)=w; in £,

with wp,w; € Z and a continuously differentiable function f : R — HJ(£2).
Then the solution satisfies

w e C(R; HY(2)) N C (R H¥(Q)) N C2(R; H'(2),

which justifies the computations that follow. In the rest of this section all
solutions are assumed to have this regularity.

Finally, as a consequence of the skew-adjoint character of (6.50) and of its
translation invariance, it suffices to consider intervals of the form J = (0,7)
in part (b), too.

Setting this time

m(x) =2 —x, and Mw:=2m VAw+ nAw,
we first establish the following Rellich-type identity:

Lemma 6.14. The real-valued solutions of the problem (6.51) satisfy for every
T > 0 the following identity:

/T / (m - v)(8,Aw)? + (m - v)(O,w')? dI" dt
o Jr

T T
= {—/ w' Mw dx}o +/ / 2|V Aw|? +2(Aw')? — fMw dx dt. (6.52)
7 o Je
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Proof. Integrating by parts, we obtain that

T T
—/ / fMuw dx dt :/ /(w” + A?w)Mw dx dt (6.53)
0o Je 0o Jo
T T
= [/ w' Mw dx} —|—/ /(8,,Aw)Mw dr dt
Q2 0 o Jr

T
- / / w' Mw' 4+ VAw - V(Mw) dz dt.
7

Let us transform the last integral. Using the relations div m = N and 0;my =
dik, we have

—/w’Mw' dx
17
— —/ 2w'm¢8i872w’ + nw' Aw' dx
5 .
= / 2(0;w")m;(9;0jw") + 2w’ (9;m;)(9;0;w") — nw' Aw' dx
2
/ 2w'm,v;(0;0;w') dI”
/m V(IVW'[?) + (2 = n)w' Aw’ dx—/ 2w'm,v;(9;0;w') dI’
r
_/ |V 2 + (n— 2)[Vu'|? da
2
+ / —2w'm;v;(8;0;w') 4+ (m - v)|Vu'|* + (2 — n)w' 9w’ dI.
r

Since w = 0 and hence w’ = 0 on the boundary, V' = (d,w')v on I
Therefore, the first and last terms in the boundary integral vanish, while the
second is equal to (m - v)|d,w’|?. Hence we conclude that

—/ w Muw' dr = —2/ |Vw'|? d + / (m - v)(0,w")? dI. (6.54)
2 7 r
Next we have

_/QVAw.V(Mw) dx
—/Q(aiAw)ai@mkakAw—i—nAw) dx
—_— /Q 2(0; Aw)(imy,) (O Aw) + 2my(8; Aw) (8).0; Aw) + n|V Aw[* dz
—/Qm-V(WAwF)+(n+2)|VAw|2 dz

= —2/ |V Aw|? dx — / (m - v)|VAw|* dI.
Q r
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Since Aw = 0 and therefore VAw = (9, Aw)v on the boundary, we conclude
that

—/Q VAw-V(Mw) dr = —2/Q|VAw|2 dgc—/F(m-u)(ayAw)2 dr. (6.55)

Substituting (6.54) and (6.55) into (6.53), we obtain the following equality:

T
—/ / fMw dx dt
0o Jo

T
— [/ w' Mw dx} —2/ |V Aw|? + |Vw'|? da dt

/ / (0, Aw)Mw + (m - v)(9,w')? — (m - v) (0, Aw)? dI’ dt.

Using again the relations Aw = 0 and VAw = (9, Aw)v on the boundary,
we have VAw = (9, Aw)v and therefore

MAw =2(m-v)0,Aw on I.

Hence the first term in the boundary integral is equal to 2(m - v)(9, Aw)?,
and (6.52) follows.

Next we recall from [62] the following lemma:

Lemma 6.15. Every real function w € H3({2) satisfies the following identity:
/ (Mw)? dr = / |2m - VAw|? — N?(Aw)? dx + 2N/ (m - v)(Aw)?
Q Q r
Hence if Aw also vanishes on I', then we have
/(Mw)2 dx < 4R2/ |V Aw|? dz.
Q Q

Proof. Set u := Aw for brevity. Integrating by parts, we obtain the following
equality:

/ (Mu)* de = [ |2m-Vu+ Nul? dzx
7} 7}

= [ [2m-Vu* + N*u? + 4Nu(m - Vu) dz

7}

= [ [2m-Vu* + N%u? + 2Nm - V(u?) da
7}

= [ [2m-Vu* + N*u? - 2N?u? dx
7}

+ 2N/ (m - v)u? dI.
r
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We conclude by observing that
N? —2Ndiv m = —N?.

The following lemma is stronger than part (a) and the direct inequality in
part (b) of Proposition 6.13.

Lemma 6.16.
(a) The solutions of (6.49) satisfy the estimates

T T
/0 / 10, Awl? +|0,u/|? dT di < ¢ / 11253y

for every T > 0, with a constant ¢ depending only on T.
(b) The solutions of (6.50) satisfy the estimates

T
/ /|(“)l,Aw|2 + 0w > dI dt < c/ |V Awol? + |V |* da
o Jr 7

for every T > 0, with a constant ¢ depending only on T.
(¢) The solutions of (6.50) satisfy the estimates

T
/ |V Awg > + |V |? do < c/ /|8,,Aw|2 +10,w'|* dI" dt
2 o Jr

for every T > R/\/v1, with a constant ¢ depending only on T

Moreover, if we fiz a positive integer k' and we consider only solutions
whose initial data wg, wy are orthogonal to ey for every k < k', then the
above estimates hold for every T' > R/\/yk, with a constant ¢ depending only
on k' and T.

Proof. By considering separately the real and imaginary parts of the solu-
tions, it suffices to consider real-valued solutions. As a consequence of assump-
tion (6.48), the left-hand side of (6.52) is minorized by a positive constant
multiple of

T
/ /(&,Aw)2 +10,w'|? dI dt.
o Jr
Furthermore, putting

1
E = / |VAw? + |V’ |? dz,
2 Ja

applying the preceding lemma, and using the variational characterization of
the first Dirichlet eigenvalue v, of —A in {2, we have
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[ wtw da| < ooy M0 2o
Q
< 2R|Jw'|| g2y | Aw|| L2 (2)
2
< W' || 20 [|[VAW|| 22
\/’nH L2l IL2(2)
_ 2R,
Vi

Therefore, using the preceding lemma again, the right-hand side of the identity
(6.52) is majorized by

2R 2R g
\/%E(O)+\/%E(T)+4/O dt+ /Hf HHI(QMQE

and hence by

4R 2R 1/2
(g HAENEI0my+ W loro iy 1212 oy

If wg = w1 = 0, then using the variation of constants formula for the asso-
ciated abstract first-order problem with F' = (0, f) (see the remark following
Theorem 2.1 on p. 10 and take into account that we are in the skew-adjoint
case), we obtain the estimate

1/2
12B0 2 0.2y < IFNzro.msm 2y)-
Therefore, now the right-hand side of the identity (6.52) is majorized by

61
<4T—|— Jn )HfHLl(oT H(2))

as required for part (a).
If f =0, then the energy FE is conserved because we are in the skew-adjoint
case, so that the last expression reduces to

4R
Vi
This completes the proof of (b).

For the proof of (c¢) we observe that the left-hand side of the identity (6.52)

is majorized by R times the left-hand side of the required inequality, while its
right-hand side is minorized by

<4T+ )E(O) - <2T+ jfl)/ﬂ|VAwo|2+|Vw1|2 dz.

4R
Nkl

We conclude by remarking that the factor of E(0) is strictly positive if T >

R/ /.

(4T - )E(O).
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Moreover, if wy, wy are orthogonal to ey for every k < k', then we can
replace v1 by v/ by the variational characterization of the eigenvalues. There-
fore, the above estimates hold under the weaker condition T' > R/, /.

In order to complete our proof of part (b) of Proposition 6.13, we shall
apply the abstract Theorem 6.2 (p. 93). Furthermore, we shall also need the
well-known fact that if ¢ : R — R is an even function of class C'°*° with
compact support, then its Fourier transform @ : R — R defined by

P(z) = /_00 o(t)e'™ dt

is also an even function of class C'°°; moreover, it also belongs to the Schwartz
space S, so that
|z|*®(x) — 0

as ¢ — +oo, for every fixed positive number a.
Finally, we also recall, e.g., from Agmon [1], that

> ™ < o0, (6.56)
n=1

Proof of part (b) of Proposition 6.10. Let us rewrite the problem (6.50)
in the abstract form
U =AU, U(0) = Uy, (6.57)

as in the proof Proposition 3.5 (p. 48). Since now wy = 7 because a = 0, we
have

U(t) =Y (Uxe™ Ey + U_ge™ " E_), U €C,
k=1

1 )
Eip = 5/2 (€k Tivker),
Tk

V2

1/2
w2 = ([ [ AP + (93 dz)

p(w, z) = (/F|VAw|2 d[') i

Note that -
1Uol> = > |U|* + |U_|?
k=1
and that

p(Eyg) <ciy/ye foral k

with a constant ¢; by a classical trace theorem.
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We are going to apply Theorem 6.2 with m = 1 and p; = p. It follows
from part (b) of the preceding lemma that

T
/0 p(U(6))? dt < c|Uall?

for all solutions of (6.57), for every T > 0. In particular, hypothesis (ii) of the
theorem and the direct inequality in hypothesis (i) are satisfied for any choice
of the set A. We complete our proof by showing that for any fixed T" > 0,
there exists a positive integer &’ such that the inverse inequality in hypothesis
(i) is satisfied with A = {1,..., k' —1}.

Fix an interval I whose closure is contained in J := (0,7"), and then fix
an even function of class C'*° satisfying the following conditions:

0<e<1 in R,
p=1 on I,
@ =0 outside J.

According to our above remark, its Fourier transform satisfies the inequality
|®(x)| < colz| N1 forall x#0

with a suitable constant cs.

Fix a positive integer k', to be chosen later, and consider a solution U(t)
whose initial data are orthogonal to Zi for all k < k’. Then we may write
U=U;+U_ with

Up(t):= Y Upe™ B, and Up(t):= Y U_pe W Ey.
k=Fk’ k=Fk’

We have, following Lebeau [92],

/ p(UW)? dt > / T otp(U)? dt
J

— 00
o0

-/ (UL (1))? di + | etonv-w? a

— 00 — 0o

vz f o Op(U (). U_ (1)) dt

— 0o

> / P(UL(1))? dt + / p(U-(1))? dt

vz f T o Op(U (0).U_ (1) dt.

— 00

Now observe that Uy (t) and U_(t) are also solutions of (6.50) (with other
initial data). Since
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U_',_ =4AU; and U = —iAU_,

applying part (c) of the last lemma with a sufficiently large k' we have
/IP(U+(t))2 dt+/1p(U_(t))2 dt > c3([|U+(0)[* + [U-(0)]1*) = e5/|Uo]|?

with a positive constant c3 that does not depend on the choice of &¥’. Therefore,
we deduce from the above inequality the following estimate:

/] PO de = el +2 | o Op(UL (.U (1) d.

— 0o

Let us majorize the last integral. In the following sums, £ and n run over
the positive integers k > k’. We have

’/_Z (OP(U+(1), U~ (1)) d

- ‘Z > +1)p(UkEr, U-nE—y)
k n

<N e+l VT (pURER)? + p(U—nE_y)?)
k n
<er Y Y e+l TV T (U A+l U-nl?)
k n
<3 d Y e+l TN (U + U- )
k n

= ces 30 (3w 47l ™) (Ul + [U4[2).
k n

Putting
k) =3 bl ™,
n=*k’

we conclude that
[ ene 0.0 1) de| < eaca W) U0

and therefore
[ o) dt = (es ~ Geaeal®) o]
J
As a consequence of the relation (6.56) we have c4(k’) — 0 as k' — oc.
Therefore, the factor of ||Up||? is strictly positive if & is chosen to be sufficiently
large at the beginning of the proof.
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Problems on Spherical Domains

This chapter is devoted to the study of some higher-dimensional problems that
can be solved by the method developed in Chapter 4. For the convenience
of the reader we recall briefly the description of the eigenfunctions of the
Laplacian operator in balls, and we also give a very short and elementary
introduction to the Bessel functions, by establishing all properties we need in
this book. We also establish some new results concerning the zeros of Bessel-
type functions, and we present new, simpler proofs of some classical results.

7.1 Observability of the Wave Equation in a Ball

Let us consider the wave equation with Neumann boundary condition as in
Section 3.3 (p. 42):

v — Au+au=0 in Rx £,

Ou=0 on RxT, (7.1)

u(0) =wup and ' (0)=wu; in 2.
We recall from Proposition 3.3 (p. 43) that this problem is well-posed for
up € HY(2) and u; € L*(£2). As usual, we consider only solutions with
initial data belonging to the dense subspace Z := Z x Z, where Z denotes the
linear hull of the eigenfunctions of —A with homogeneous Neumann boundary

conditon in (2.
Defining the energy by the formula

1
B = [ fult.o) + [Vu(t. o) + '(t0) de, teR
2

it is natural to conjecture that

//|u|2+ |u'|? dI" dt =< E(0)
1Jr
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for every sufficiently large interval. Indeed, this has been established for the
one-dimensional case in Proposition 4.11 (p. 76). It turns out, however, that
this relation is inexact in several dimensions:

Proposition 7.1. Let 2 be an open ball of radius R in RY with N > 2.

(a) The inverse inequality

E(0) < c// lul? + |u'|? dI" dt (7.2)
1Jr

holds for all solutions of (7.1) with (ug,u1) € Z if |I| > 2R, with a constant
¢ depending on I.

(b) The direct inequality

// luf2 + [o/|? dT dt < cE(0) (7.3)
I1Jr

can fail for any interval |I|.
Remarks.

e For a = 0 this is essentially due to Graham and Russell [44]. We shall give
a simplified proof.

e The analysis of our proof shows that the inverse inequality (7.2) can also
fail if |[7| < 2R. A deeper theorem of Joé [59], [60] states that for a = 0 in
dimensions N > 2 the inverse inequality (7.2) can fail in the limiting case
|I| = 2R, too. This contrasts with the one-dimensional case: the proofs
of both Proposition 1.1 and Proposition 4.14 (pp. 2, 81) can be easily
adapted to show that the estimates of Proposition 4.11 (p. 76) hold for all
intervals of length ¢ if a = 0.

e Our proof will also show that if I; and I, are two intervals of length > 2R,
then the corresponding observations are equivalent:

/ /|u|2 +|/|? dI at x/ /|u|2 + [o/|? dI dt.
Il r IQ r

This property enables us to apply the abstract stabilization Theorem 2.14
(p- 24); see [70] for the details.

e Arguments of geometric optics indicate! that the just-mentioned equiv-
alence can fail for general domains 2. Since the methods of multipliers,
Carleman estimates, and microlocal analysis are not very sensitive to de-
formations of the domain, we do not see other means to establish the
equivalence property for balls.

e The proof of Proposition 7.1 can easily be adapted to the case of Dirichlet
boundary condition. In this way we can get a new proof of part (b) of
Proposition 6.9 (p. 110), but only in the special case of balls. Here the
above-mentioned other methods are more efficient.

LC. Bardos, private communication.
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The proof of Proposition 7.1 is based on the explicit representation of the
eigenfunctions of the Laplacian operator in balls. Therefore, we first recall in
the next section the description of these eigenfunctions by using Bessel func-
tions and spherical harmonics. Then in Section 7.3 we present some classical
and recent results concerning the location of the zeros of Bessel-type functions.
Using this, Proposition 7.1 will be proved in Section 7.4.

7.2 The Eigenfunctions of the Laplacian Operator in
Balls

This review section is devoted to a description of the eigenfunctions of the
Laplacian operator with Dirichlet or Neumann boundary condition in the
unit ball 2; of RV (N > 2) with boundary I'y. We omit the proofs, and we
refer to [19], [27], [127], [129], and [135] for details.

In order to formulate our results, let us introduce the Bessel functions of
any real order m by the formula

e (1) 2\ m+2j
Im () = . . , > 0. 7.4
(z) jZOj!F(m+j+1)<2> v (7:4)
Examples.

e One can readily verify that
Jé(.’l,') = —Jl(.’l,') and dd ({EJl ({,E)) = .’I,'Jo({E)
x

e If m is half an odd integer, then J,,(x) can be expressed in a finite form.
For example,

J_12(x) = \/7r2x cosw and Jyo(z) = \/fx sin .
The asymptotic behavior of J,, () is similar for all indices:
Lemma 7.2. For every real number m we have
Im () = \/ 2 cos(m M W) +0(z73/?)
e 2 4

as x — oo. Furthermore, for any given pair (a, ) # (0,0) of real numbers,
the positive zeros of adm(x) + BxJ] (x) form an infinite sequence tending to
00. (See Figures 7.1-7.8.)

Let us also recall that the spherical harmonics of order m (m =0,1,...)
are the restrictions to the unit sphere I'7 of the homogeneous polynomials of
order m.
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Lemma 7.3. The spherical harmonics of order m form a finite-dimensional
subspace Sy, in L*(I'1). These subspaces are mutually orthogonal, and their
linear hull is dense in L*(IY).

Examples.

If N = 2, then S,, is spanned by the functions e*™™? with the usual

parameterization of the unit circle I'7. Hence Sy is one-dimensional, while
the other subspaces are two-dimensional.

If N = 3, then dim S,,, = 2m + 1 for all m, and its elements can be
conveniently expressed using the Legendre polynomials.

In the general case we have dim Sg = 1, dim & = N, and

dim S, — (N—i—m—l)_ <N+m—3>
m m—2

for m > 2. This follows from the fact that every spherical harmonic func-
tion of order m is also the restriction to the unit sphere I' of a unique
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harmonic homogeneous polynomial of order m. The elements of S, can
be expressed by the ultraspherical polynomials.

Now we are ready to describe the eigenfunctions of the Laplacian operator.
We use hyperspherical (polar) coordinates (r, ) with 0 <r <1 and 6 € I}.

Proposition 7.4. Consider the unit ball 2y of RN (N > 2) with boundary
1.

(a) The eigenfunctions of —A in 1 with Dirichlet boundary condition are
exactly the functions

(r,0) = 17 2 Ty (ot Hon (6),
where m=0,1,..., k=1,2,..., H, € Sy, and for each m we denote by
O<Cm’1 <Cmpo < -

the sequence of positive zeros of the Bessel function 14y (z). The corre-
sponding eigenvalue is equal to cfn’k.
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(b) The nonconstant eigenfunctions of —A in £21 with Neumann boundary
condition are exactly the functions

(r,0) = 7% Ty (Con ) Hon (0),
where m=0,1,..., k=1,2,..., H, € Sy, and for each m we denote by
O<Cm’1 <Cmpo < -

the sequence of positive zeros of the function

N
(1 - )Jm_Hg (2) + ),y (@).
The corresponding eigenvalue is equal to cfmk.

Example. In the three-dimensional case, the smallest Dirichlet eigenvalue
is equal to 0(2),1 = 72, and the corresponding eigenspace is spanned by the

positive radial function
(r,0) sin7r
r,0) — .

r

7.3 Zeros of Bessel-type Functions

The rest of this section is devoted to the study of the zeros ¢, ; figuring in
Proposition 7.4. Let us first recall some elementary facts.

Lemma 7.5. Let m be a nonnegative real number.

(a) The following equality holds for every positive real number c:
1
202/ | (cr)|? dr = A|J), ()| + (2 — m?)|Jm(c) | (7.5)
0

(b) The functions Jp,(x) and J! (z) are positive in (0,m], so their first
positive roots are bigger than m.

(c) If a > 0, then the first positive root of aJm (z) +xJ! () is bigger than
m.

(d) If « < 0 and m > |«|, then the first positive root of aJ,,(x) + xJ], ()
is bigger than vV/m?2 — a2.

Proof.
(a) Using the power series expansion (7.4), we see that y := J,, () satisfies
the differential equation

2y +ay + (@ —m*)y=0 in (0,00). (7.6)
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Multiplying this equation by 2y’ and integrating over (0,c¢), we obtain the
equality

/Oc 2ay” do = [2%(y') + (2® —m?)y]; = Py (0)* + (¢ —m®)y(c)® + m>y(0).

Since y(0) = 0 for m > 0 from the power series expansion (7.4), the last term
always vanishes. The equality (7.5) follows by the change of variables x = cr
in the integral.

(b) One can see from the power series expansion (7.4) that .J,,(x) and
J!.(z) are positive for small positive values of x. Therefore, we infer from
(7.5) that

1
|J/ (e)]* > 2/ | T (cr)|? dr >0
0

for all 0 < ¢ < m. Hence J/, () is positive in (0, m]. Consequently, J,,(z) is
increasing and thus also positive in (0, m].
(¢) If a >0, then oy, (z) + J),(x) is positive in (0, m] by property (b).
(d) If oy (¢) + ¢}, (c) = 0 for some 0 < ¢ < m, then we obtain from (7.5)
the following equality:

1
262/0 | (cr)|? dr = (a® + & — m?)|Jm(c)|*.

Since J,, > 0 in (0,m] by (b), we must have a? + ¢* — m?

vVm?2 — 2.

> 0, i.e., ¢ >

Next we recall the classical Sturm oscillation theorem:
Theorem 7.6. Let f,g: [a,b] — R be two continuous functions satisfying
f<g on (ab), (7.7)
and let u,v € H?(a,b) be two functions satisfying the differential equations
v+ fu=0 and v +gv=0 in (a,b).

Assume that
u(a) =u(b) =0 (7.8)

and that u does not vanish in (a,b). Then v has at least one zero in (a,b).

Sturm’s theorem states that the greater the value of f, the more rapidly
the solutions oscillate.

Proof. Assume to the contrary that v does not vanish in (a, b). Then, chang-
ing u to —u and/or v to —v if necessary, we may assume that
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u>0andv >0 in (a,b). (7.9)
Then we also have
v(a) >0, v(b)>0, u(a)>0, and u'(b)<O0. (7.10)

Multiplying the differential equations by v and u, respectively, and integrating
their difference, we obtain

b
[uv’ — u'v]® + / (9 — fluv de = 0;

using (7.8) this simplifies to

b
u'(a)v(a) — o' (b)v(b) + / (g — fluv do = 0.

But this is impossible, because v’ (a)v(a) — v’ (b)v(b) > 0 by (7.10), while the
integral is (strictly) positive by (7.7) and (7.9).

Corollary 7.7. Let h : [d,00) — R be a continuous function, having a positive
limit L at infinity. Let y be a nonzero solution of the differential equation

y' +hy=0 in (d,o0).

Then y has an infinite sequence of zeros c1 < co < ---, all simple, tending to
infinity and satisfying the relation

Cntl — Cn —>7T/\/L.

Proof. If y had a multiple root ¢, then by the uniqueness of the solution of
the initial value problem

Yy +hy=0 in (d,o0), ylc)=y(c)=0,

we could conclude that y is identically zero, contradicting our assumption.

Since h is bounded by assumption, there exists a positive number § such
that h < 3% on [d,o0). We claim that the distance between any two zeros of
y is at least equal to 7/. Indeed, if y(c) = 0, then we apply Sturm’s theorem
with the following choice:

(a,b) := (c,c+7/B);

f(z) :=h(x) and wu(x):=y(x);

g(x) := 3% and wv(x):=sinf(z—c).
Since v does not vanish in (a,b), v cannot vanish in it either.

Next fix a sufficiently large number a > d such that A > 0 in [a, 00), and
choose a positive number a such that a? < h in [a,00). Then y has at least
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one root in the interval (a,a + 7/a). This can be shown by applying Sturm’s
theorem with the following choice:

(a,b) := (a,a + 7/a);

(
(

z):=a? and wu(z):=sina(z —a);
x) :=h(z) and v(z):=yx).

~

9

Thus y has infinitely many zeros, and they can be arranged into an in-
creasing sequence c¢; < ¢ < -- -, tending to infinity.

Now choose two positive numbers o and 3, arbitrarily close to v/L and
satisfying the ineqalities o < v/L < . Choose a sufficiently large a > d such
that o® < h < 32 in [a, 00); then the above arguments also show that

/B < Cpi1 —Cn < T/
for all sufficiently large indices n such that ¢, > a. This completes the proof.

As a first illustration, let us recall Porter’s classical proof on the location
of the zeros of the Bessel functions; our proof of part (d) seems to be new:

Proposition 7.8.

(a) For any given real number m, the positive zeros of Jn(x) are sim-
ple, and they form an infinite increasing sequence j1 < jo < ---, tending to
infinity.

(b) The difference sequence (jn+1 — jn) converges to 7.

(¢) The sequence (jn+1 — Jn) 1s strictly decreasing if |m| > 1/2, strictly
increasing if |m| < 1/2, and constant if m = £1/2.

(d) The first positive zero j1 of Jm(x) satisfies the inequalities

1/3 <,j1 <m_|_4m1/3

m+m
if m is sufficiently large.
Remark. The proof of (d) will yield the stronger result

m+ Bm'? < j; < m+ym'/?

with any given 8 < (72/2)/? ~ 1.7 and v > 37%/3/2 =~ 3.2 if m is sufficiently
large. It was proved by deeper tools that

j1=m+om?+0Q1), m— oo,
with a constant § ~ 1.855757; see, e.g., Watson [135], p. 516.
Proof. Since the function z(x) := J,,(z) satisfies

2?2 + a2’ + (2 —m?)z=0 in (0,00),
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(see (7.6), p. 132), the function y(z) := \/zJ,,(x) satisfies

m*e —

y"+hy=0 in (0,00) with h(x):=1- )

4

2 (7.11)
Note that y(z) and J,,,(x) have the same positive roots. The cases m = +1/2
of the proposition hence follow at once because then h(x) = 1, so that y(z) is
a suitable constant multiple of the trigonometric function sin(z + ) for some
.

In the remaining cases fix a small d > 0 so that all positive roots of J,, (x)
lie in (d,00). (This is possible because Jp,(z) > 0 for small positive values
of z.) Then the function h satisfies the hypotheses of the preceding corollary,
and properties (a) and (b) follow.

Property (c) will be proved by applying Sturm’s theorem. If |m| > 1/2,
then h is strictly increasing in [d, 00). If j, < jn41 < jn+2 are three consecutive
roots of y, then we apply Sturm’s theorem with the following choice:

(a‘7b) = (jn:jn-‘rl);
f(x) :=h(z) and wu(z):=y(z);
9(x) = hz + jnt1 — Jn) and v(z):=y(@ + Jnt1 = Jn)-

We conclude that v has a root in (j,, jn+1); i-e., y has a root in (ju41, 2jn+1 —
Jn). This implies that j,+o < 2j,+1 — jn, which is equivalent to the inequality

jn+2 - jn+1 < jn+1 - ]n

If [m| < 1/2, then h is strictly decreasing. If j, < jn+1 < jn+2 are three
consecutive roots of y, then we apply Sturm’s theorem in the following way:

(CL, b) = (jn+lajn+2);

F(@) = h(z) and u(z) = y(o);

9(x) == (& = jnt1 +jn) and  v(z) = y(@ = jns1 + jn)-
We conclude that v has a root in (jn41, jnt2); i-€., ¥ has a root in (jn, jni2 —
Jn+1 + Jn)- This implies that jp+1 < Jnt+2 — Jnt1 + Jn, which is equivalent to
the inequality

,jn+1 - ]n < jn+2 - ,jn+1-
Turning to the proof of (d), first we show that for every fixed a > 7%/3/2,

Jm(2) has at least one root in the interval

(a,b) := (m + am*/3 m+ 3am1/3)

if m is large enough. We are going to apply Sturm’s theorem with the following
choice:
2

f@)= )

= 4a2m?2/3
g(x) :=h(z) and wv(x):=y(x).

and wu(x) :=sin (z—m— aml/?’),

20m1/3
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We have only to verify the condition g > f in (a,b).
Since ¢ is increasing for m > 1/2 and since f is a positive constant, it
suffices to show that g(a)/f(a) > 1. A straightforward computation shows

that
gla) _ 4a’m?/3 1 m? — |
f(a) LS (m + ozml/3)2
(a5’ ()
2 (m+ am1/3)2
402m?/3 2am*3 + a?m?/3 + |
T m2 m2 4 damA/3 4 a2m?/3
8a?

—
T2

s

as m — o0o. We conclude by remarking that the last limit is bigger than one
by the choice of a.
Next we prove that for any fixed o < (72/2)'/3, J,,,(x) has no root in the
interval
(a,b) :== (m,m + aml/?’)

if m is sufficiently large. For this we apply Sturm’s theorem with
f@):=h(@) and u(x) = y(a),

2

g(x) == 02m2/3 and v(z) :=sin aml/3 (x —m).

The condition g > f in (a,b) is equivalent to f(b)/g(b) < 1. By repeating the
above computation, we have

fo) _ a?m?/3 (1 om? = h ) = 203
( )*

g(b) 2 m + amt/3 us

as m — o0o. We conclude by remarking that the last limit is smaller than one
by our assumption on a.

Now we study, following [65], the zeros of the functions a.Jy, (z) + zJ), ().
It will be used in the next section.
Proposition 7.9. Fix a real number .

(a) For each m > 0, the positive zeros of adm(x)+xJ! () are simple, and
they form an infinite increasing sequence ¢1 < ¢y < ---, tending to infinity.

(b) The difference sequence (cp41 — ¢pn) converges to .

(¢) If m is sufficiently large, then the sequence (cpy1 — ¢n) is strictly de-
creasing.

(d) If a <0, then vVm?2 — a2 < ¢; < m+4m'/3 for all sufficiently large
m, so that ¢1/m — 1 as m — oc.
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Remark. We refer to [65] for more general results, and to a recent work of
Oudet [110], where the zeros of higher-order derivatives of Bessel functions
were also studied.

First we construct a function U having the same zeros as aJy, (x)+zJ] (x),
for which we can apply Sturm’s theorem. We need the following lemma:

Lemma 7.10. Let I be an open interval, f,g: I — R two functions of class
C3, and let u be a solution of the differential equation

(gu)”" + fgu=0 n I. (7.12)

Assume that g and h := g" + fg have no zeros in I, and let us introduce two

new functions by setting
G:=1g°/n"?

and

F:=f+3(9"/9) = 2(d'/9)(W/h) = (G"/G).
Then G has no zeros in I, and

(Gu")"+ FGu' =0 in I. (7.13)

Proof. Differentiating equation (7.12), we obtain

gu” +3g'v" + (29" + h)u' + H'u=0 in I.
Combining this result with (7.12), we eliminate u to obtain

gu”"" + (3g" — gh//R)u" + (29" + h—2¢'h'/h)u' =0 in I

Comparing this equation with (7.13), we obtain for F' and G the following
conditions:

2G' /G =3(g'/g) — (B'/h),
F+(G"/G)=2(9"/g) + (h/g) —2(q'/g) (W' /h).

The first condition is obviously satisfied by the above choice of G, while the
second is just the definition of F'.

Proof of Proposition 7.9. As a consequence of parts (c¢) and (d) of Lemma
7.5 (p. 132) we may fix a positive number d such that d* + a? — m? > 0 and
such that all positive zeros of y(x) := aJy,(x) + xJ], () lie in (d, 00).

It follows from equation (7.11) that (7.12) is satisfied on the interval I =
(d, 00) with the following choice:
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Since
glx) and h(z):=g" (@) + f(2)g(x) = 272 (2" + a® —m?)

do not vanish in this interval, we may apply the preceding lemma. It follows
that )
U({L') = (G’U,/)(ZL‘) = x2_a($2 +a? - m2)—1/2u/

and
2 2

m°— 200 — 1 a‘—m

22 + a2 — m2 (22 + a2 — m?)?
satisfy

U'+FU=0 in (d,).

Let us note that U(x) has the same positive zeros as aJy, () + xJ),(z).
Since F satisfies the hypotheses of Corollary 7.7 (p. 134) with L = 1, parts (a)
and (b) of the proposition follow. Part (c¢) will also be established if we show
that (for any fixed «) the function F is strictly increasing for every sufficiently
large value of m.

With the definition z := 22 + a? — m? for brevity, a straightforward com-
putation leads to the identity

20°23F'(2) = A2 + B2* +Cz+ D

with

A=4m*+3 - 8a,

B =16(2 — a)(m? — a?),

C = (52 — 8a)(m? — a?)?,

D = 24(m? — a?)>.
We complete the proof of part (¢) by showing that

Az + B224+Cz4+D >0 forall z>0

if m is sufficiently large.
Introducing the new variable t := z/(m?—a?), we see that this is equivalent
to

(4m? +3 —8a)t® + (32 — 160)t? + (52— 8a)t +24 >0 forall ¢ >0 (7.14)

if m is sufficiently large.
Let us first choose a sufficiently small 7' > 0 such that

(3 —8a)t® + (32 — 160)* + (52 — 8a)t +24 >0 forall t€[0,T]. (7.15)

Then choose a sufficiently large M satisfying the following inequalities:
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M > o,
4M? +3—8a >0,
(4M? 4 3 — 8a)T/3 + (32 — 16a) > 0,
(4M?* 43 — 8a)T?/3 + (52 — 8a) > 0,
(4M? +3 — 8a)T?/3 + 24 > 0.

It follows from these inequalities that
(4m? + 3 — 8a)t3 + (32 — 16a)t> + (52 — 8a)t + 24 > 0 (7.16)

for all ¢ > T and m > M. Finally, (7.15) and (7.16) imply (7.14).

It remains to prove part (d) of the proposition. As a consequence of
parts (d) of Lemma 7.5 and Proposition 7.8, it suffices to show that y(x) :=
aJm(x) + xJ] (x) changes sign between 0 and the first positive root j; of
Jm(z). First we observe that the first positive root jj of J,, () is smaller than
j1 if m > 0. Indeed, this follows from Rolle’s theorem because J,,,(0) = 0.
Now we notice that y(j;) = aJn(j1) < 0 because J,,(z) > 0 between 0 and
j1. On the other hand, it follows easily from the power series representation
(7.4), p. 129, of J,,,(x) that y(z) > 0 for small positive values of z if m > |a].
Hence y changes sign between 0 and j; < j;.

7.4 Proof of Proposition 7.1
We may assume by a scaling argument that (2 is the unit disk. Denoting by
Cm,1 < Cm,2 < -

the positive roots of the function

(1 - ]2V>Jm—1+§(x) +ady g,y (@), (7.17)
setting
co,0 :=0,
Wi,k = \/cfmk +a
and

1 iftm=*k=0,
Rm,k(T) = {

1_N .
r 2y gy (Cmgr)  otherwise,

it follows from Proposition 7.4 (p. 131) that the solutions of the problem
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—Au+au=20 in R x {2,
O,u=20 on RxIT,
u(0) =wup and ' (0)=wu; in {2,

for (up,u1) € Z are given by finite sums of the form?

u(t,r, 0) ZZRM @)k Ho L (B)e oty (T.18)

where H_ + and H, . are suitable spherical harmonics of order m, depending
on the 1n1t1al data. Here and in the sequel, m runs over 0,1, ..., while k£ runs
over 0,1,... if m =0 and over 1,2,... if m > 1.

Applying Proposition 3.3 (p. 43), we obtain that

ZZamk/| +|H (0)| dr (7.19)

with .
Qi = (1+ c?nk)/ rNTIR,, k() dr.
0

Since ¢y, is a root of (7.17), using the identity (7.5) of Lemma 7.5 (p. 132),
we obtain (except for the case m = k = 0) that

1
20317,6/ TN_lRm,k(r)2 dr
0

((1 ) + R - (m—1+];[>2>|Rm,k(l)2

= (o —m° + (N = 2)m) Ry (1)
Hence
m g = (1+ ¢}, ) —m®) Ry (1) (7.20)

Next we compute the boundary integral. Let us first assume that wy, 1 7# 0
for all (m, k). Using the orthogonality of spherical harmonics of different order,
we have

/Iu (t,1,0)] dI
3 | o,
<3 [ |3 R0 @) st 1 @) et) [
m k

Now fix an interval I of length > 2. As a consequence of Proposition 6.9
(p. 110) we may apply Ingham’s Theorem 4.3 (p. 59) for all sufficiently large
indices m, with the same constants in the estimates, so that

2If Won, . = 0 for some (m, k), then H;,k(Q)ei‘“mvkt + H;L,k(e)e*i‘“mvkt is replaced
by H (0) + H, (0)t.
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[15° R0 0+ 1 1)
k
=3 Rui(1) (|H+k| +|H;, |>
k

dt

The same estimates are obtained for each of the remaining finitely many
indices m by applying Theorem 4.6, p. 67. Let us emphasize that we can
choose the constants uniformly with respect to m.

Integrating these expressions over I', applying the Fubini—Tonelli theorem,
and then adding the resulting equivalences, we conclude that

//|ut,1,e|2 dr dt = ZZRM /| +|H L (0)) dr

We obtain in a completely similar way that

//|ut10|2dfdt

= 2 Dol R (12 [ |1, @F + | 0] ar.

so that finally,

//|u (t,1,0)]* + |[u/(t,1,0))* dI" dt
XZzﬁm,k/F|15fnt,k(8>l2+ \H, (0] dr  (7.21)
m  k

with
B = (14 |wi,k*) Rine (1) (7.22)

These relations remain valid if some (only a finite number) of the exponents
W, are equal to zero, which can be shown by a usual modification of the
computation.

Comparing (7.19)—(7.20) and (7.21)—(7.22), we see that the inverse in-
equality (7.2) follows because

1—1—03,1,C m <1+cmkﬁl+|wm,k|2,
so that
Qm, < cﬂm,k

with a suitable constant c.
On the other hand, the direct inequality (7.3) fails in general because we
do not have
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ﬁm,k S C/am,k
with any constant ¢/, independent of m and k. Indeed, it follows from part
(d) of Lemma 7.5 (p. 132) that

2

2
Am,1 1+cm,1_m =0

Bm l+c, +a
as m — 00.

Remark. Using the strengthening of part (d) of Proposition 7.8, mentioned
on page 135, one can establish a modified direct inequality by applying
stronger Sobolev norms; see, e.g., [65], where this is done for a Petrovsky
system, but the method is the same.

7.5 Observability of a Petrovsky System in a Ball

The proof given in the preceding section easily adapts to the case of the
Petrovsky system considered in Section 3.6 (p. 50):

W+ Autau=0 in Rx {2,
O,u=090,Au=0 on R xIT, (7.23)
u(0) =ug and u/(0)=wu; in .

We recall from Proposition 3.6 (p. 51) that this problem is well-posed for
up € H?(£2) and ug € L?(£2) such that d,ug = 0 on I'. As usual, we consider
only solutions with initial data belonging to the dense subspace Z := Z x Z,
where Z denotes the linear hull of the eigenfunctions of —A with homogeneous

Neumann boundary conditon in 2.
Defining the energy by the formula

1
B =, /Q|u(t,x)|2 | Ault,2)? + o (4, 2)|? de, tER,

it is natural to conjecture that

//|u|2—|— |u'|> dI" dt =< E(0)
1Jr

for every interval I, because this estimate has already been established for
the one-dimensional case in Proposition 5.1 (p. 84). However, this relation is
inexact in several dimensions:

Proposition 7.11. Let £2 be an open ball of radius R in RN with N > 2.

(a) Given any interval I, the inverse inequality

B(0) < c//|u|2—|— /2 dI dt
1Jr
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holds for all solutions with (ug,u1) € Z, with a constant ¢ depending on I.
(b) The direct inequality

// |u|? + |u|? dI" dt < cE (7.24)
1Jr

can fail for any interval |I|.
Remarks.

For a = 0 this result was first established in [65].
Our proof will also show that if I; and I5 are two intervals of length > 2R,
then the corresponding observations are equivalent:

/ /|u|2 + [o/|? dT dt x/ /|u|2 + [o/|? dI dt.
Il r IQ r

This property enables us to apply the abstract stabilization Theorem 2.14
(p- 24); see [70] for the details.

e The following proof of Proposition 7.11 can be easily adapted to the case
of Dirichlet conditions. In this way we can get a new proof of part (b) of
Proposition 6.10 (p. 111), but only in the special case of the balls. In this
case the multiplier method, and also those of Carleman estimates and of
microlocal analysis, are more efficient.

e As we have already remarked at the end of the preceding section, the direct
inequality (7.24) holds if we introduce a stronger energy, corresponding to
stronger Sobolev norms; see, e.g., [65].

Proof. According to Proposition 3.6 (p. 51), the solutions of (7.23) are given
by the same formula (7.18); we have only to modify the definition of w,, x by
this time setting

Wm k = cfn,k +a.

With this change, the proofs of the estimates (7.19) and (7.20) remain valid.
Moreover, the proof of (7.20) remains valid for every (arbitrarily short) inter-
val I. This follows from the fact that since ¢;,, 1 — oo by part (d) of Proposition
7.9 (p. 137), parts (b) and (c) of the same proposition imply that

illifwm,k_i'_]_ — Wk = iréf i1 — oy g — 00

as m — oo. Thus for any fixed interval I we may apply Ingham’s theorem for
all but finitely many indices m, which ensures the uniformity of the constants
again. We leave the details to the reader.
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7.6 Spherical Membranes and Plates

In this section we consider the problems

v’ — Au+au=0 ?n R x T, (7.25)
u(0) =up and w'(0)=w; in T,

and
W+ Au+au=0 %n R x T, (7.26)
u(0) =up and w'(0)=w; in T,

where I' is an N-dimensional sphere, i.e., the boundary of a ball in RV+1,
and A denotes the Laplace-Beltrami operator on I'. They describe the small
transversal vibrations of spherical membranes and plates.

We study the internal observability of these problems by observing the
solutions on some given open subset I of I

We may assume by scaling that I is the unit sphere of RV, Then we
recall from Lemma 7.3 (p. 130) that L?(I") is the orthogonal direct sum of the
finite-dimensional subspaces S, formed by the spherical harmonics of order
m for m = 0,1,.... Furthermore, we recall, e.g., from [127] that every S,, is
an eigenspace of —A with the eigenvalue v, = m(m + N — 1). Let us denote
by Z the linear hull of the spherical harmonics, and for every real number s,
let us denote by D? the completion of Z with respect to the Euclidean norm

DI BIEEALE

where e, belongs to S,,. Then, motivated by the works of Haraux [49] and
Lions [97], pp. 405-407, it is natural for us to investigate the validity of the
estimates

ol + sl = [ [ Juf? ar as (7.27)
1JIy

for the solutions of (7.25), and the validity of the estimates

leaoll? + [ 2 = / /F ful? dr dt (7.28)
0

for the solutions of (7.26).
Concerning the wave equation, the following result is a special case of a
theorem of Rauch and Taylor [117], proved by microlocal analysis:

Proposition 7.12. Let I be an interval of length |I| > 2. Then the solutions
of (7.25) satisfy the estimates (7.27) if and only if every great circle of I meets
To.

The purpose of this section is to establish a similar result for the plate
model:
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Proposition 7.13. Let I be an arbitrary interval. Then the solutions of
(7.26) satisfy the estimates (7.28) if and only if every great circle of I meets
iy

Remark. If we consider a sphere I' of radius R, then the condition 7" > 27
is replaced by T" > 27 R in Proposition 7.12, while Proposition 7.13 remains
valid in the same form.

Instead of establishing Proposition 7.13 directly, we shall deduce it from
Proposition 7.12, by reformulating the estimates (7.27) and (7.28) in terms of
the spherical harmonics.

Lemma 7.14. Let I be an interval of length |I| > 2m. Then the solutions of
(7.25) satisfy the estimates (7.27) if and only if

/|e|2 de/ le|? dr (7.29)
r Iy

for all spherical harmonics e.

Proof. Set wy, := /m + a. If e € Sy, then u(t, x) := e™“nle(z) is a solution
of (7.25). Applying (7.27), we obtain (7.29). Conversely, the general solution
of (7.25) is given by the formula

o0
u(t,x) = Z e“mtet (z) + e mte ()

m=0

with suitable coefficients e}, e, € S,,, depending on the initial data. (It is
sufficient to consider finite sums, as usual.) The family {4/, } satisfies the
hypotheses of Theorem 4.6 with 4/ =1 (p. 67), so that

/ fu(t, 2)2 T de = 3 |eh @) + lem (@)
I m=0

for all x € I', with corresponding constants independent of x. Integrating over
I and using Fubini’s theorem, we obtain that

T 00
|u|? dI" dt =< / let |2 + |e,|? dI.

In view of (7.29) we still have an equivalent expression if we integrate over I'
instead of I, and we conclude by observing that

o0
S [len P +lenl dr = fuolf + 2,
m=0"T

by a direct computation.
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Lemma 7.15. Let I be an arbitrary interval. The solutions of (7.26) satisfy
the estimates (7.28) if and only if there exists a constant ¢ such that the
relations (7.29) are satisfied.

Proof. We repeat the proof of the preceding lemma with three changes:

e we set w,, = \/'y?n + a;
e we apply Theorem 4.6 with v/ = 0;
o ||u1|?, is changed to ||u1]/?,.

Using Lemmas 7.14 and 7.15, Proposition 7.13 follows at once from Propo-
sition 7.12.

7.7 Another Spherical Membrane

Spherical membranes of opening angle 8y = 7/2 were studied in [104]. It was
shown in [42] that this system is not controllable; this result was generalized
to systems of mixed order in [43].

In this section we deal with the partial exact controllability of spherical
membranes of opening angle 0 < 6y < m, with a hole of opening angle 0 <
0, < 6.

We denote by u(t,0) and w(t, ) the meridional and radial displacements,
respectively. According to the linear shell theory of Love and Koiter [105], the
vibration of this membrane is modeled by the following system:

ug —Lu—(1—v)u+ (1+v)w' =0 in R x (61,6),
wy — Y (using) +2(1+v)w =0 in R x (61,60),
u(t,01) = u(t,0p) =0 for teR, (7.30)
w(0,0) = ug(0), u(0,0) =wui(0) for 6 € (61,00),

’UJ(O, 9) = ’UJ()(&), wt(O,Q) = w1(9) for 08¢ (91, 90)

Here ’ and the subscript stand for the derivatives with respect to # and t,
respectively, v is a given constant satisfying 0 < v < 1/2, and the operator £
is defined by the following formula:
Lv:=1" 40 cosh—
sin”
One can show by applying the method of Chapter 3 that this problem is
well-posed for

(uo,wo,ul,wl) S H&(Gl,ﬁo) X L2(91,90) X L2(01,90) X L2(91,90).

Furthermore, if (u,v) is a solution with wg = w; = 0, then we have
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u(t,0) = Z(ake“";t + a_ke_“"'jt)ek(ﬁ) + Z(bkew;t +b_re " ) ex(0)
k=1 k=1

with suitable complex numbers a, b+i, depending on the initial data, where
e1, €,. . .is an orthonormal basis in L?(61,6p), formed by eigenfunctions of —L
in Hg(61,6p), with corresponding eigenvalues A1, Az,..., and the exponents
w,f are given by the following formulae:

N \/()\k +14+30) £ /(O +1+30)2 —4(1 — 2)(\g, — 2) (7.31)

LL)k = 9
The following observability estimate is similar to some earlier results obtained
in [104]:

Proposition 7.16. Let I be an interval of length > 2(0y — 61). Then the
solutions of (7.30) with wo = w1 = 0 satisfy the estimates

/Illt’(t,eo)l2 dt =) > (larl® + [bal*) ek (6o) .

keZx*

Remark. Applying the spectral theory as described in the first chapter of
Titchmarsh’s book [131], we obtain the asymptotic formula

km
= 1
\/>\k 90_914-0()

as k — oo. Using the expression (7.31) of the exponents w,f, it follows that

m
+ +

w —W; —

k+1 k 00 _ 01

and

w,;—>\/1—u2.

In particular, the family {w,f} does not satisfy the uniform gap condition of
Ingham’s theorem.

In view of the last remark, we cannot apply Ingham’s theorem. However,
we will be able to conclude by applying one of its variants, to be described in
the next section, by the following observation:

Lemma 7.17. There exists a convergent series ), ;. P of positive numbers
such that the solutions of (7.30) with wo = wy = 0 satisfy the following
relations:

|br|? < prlag*  for all k.
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Proof. Setting

8 = e =14 )[(w; )2 = (e —14+v)] = A(1+v)?
k- wz—[(wg)2 _ (wl‘c‘r)2]

and
M =1+ )W) = (e —1+0)] = (1 +v)2
wi, [(wy;)? = (Wi)?]
for brevity, we see that a straightforward computation leads to the relations

B B

(wh)? (prwil +iox) and by = (W) (prwy — iog)

with suitable real numbers py and oy, k € Z*.
Using (7.31), a straightforward computation® leads to the following asymp-
totic estimates as k — +o0o:

B =

ap =

wi <k,
wy, <1,

+

e =k,
By = 1/k?.

Since pi and o are real numbers, it follows that

Prwy — 10k
pkw,j + t0g

is bounded with respect to k and therefore

be _ O(1/k).

ag

We may thus choose py = ¢/k? with a sufficiently large constant c.

7.8 A Variant of Ingham’s Theorem

We prove a variant of Ingham’s theorem, whose application completes the
proof of Proposition 7.16 in the preceding section. Although the result was
obtained in [104], here the proof is given in a shorter form. Let (w;)ker
and (w; )rex be two families of real numbers, v > 0 a positive number, and
> _rex Pk @ convergent series of positive numbers. Assume that

lwi —wf| >~ forall k#n, (7.32)
lwi —w, | >~ forall kandn, (7.33)

3See [104] for the details.
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and

all elements of the family (w, )rer are isolated. (7.34)

Then the formula

" inf ot -
v jlcl%k,nlenK\Aﬂwk wit |, Wi —wr I},
k#n

where A runs over the finite subsets of K, defines a number v/ > .

Theorem 7.18. Assume (7.32)—(7.34). Then for every bounded interval I of
length |I| > w/+', the estimates

/|x(t)|2 dt =< (|of P + | ) (7.35)
I keK
are satisfied for all sums

x(t) = Z xgei‘”zt + xp et

keEK

with square-summable complex coefficients x;, x, such that

|z |2 < prlzi|* for all k. (7.36)
Remark. As usual, the direct part of (7.35) holds for every interval I.

Proof. As in the proof of Ingham’s theorem (p. 62), if G : R — R is a
continuous even function having a compact support and g : R — R is its
Fourier transform, then

- Tyl di= 3 (Glof —wf et et + Gluy — wp g )

2
-0 kneK

+ Z (Glwf —w,)afon + Glwy, —w)ay ail).
kneK

If, moreover, G vanishes outside the interval (—m, ), then the last sum van-
ishes by (7.33), while the first one reduces to

(GO X1 P) + (X Gy —wipen)

keK kneK

by (7.32), so that

o | a0l at
= (G(O) Z|x$|2> + ( Z G(wy —w;)xgx;) (7.37)

keK k,neK
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Applying Theorem 4.6 (p. 67),% we see that it suffices to establish the
estimates (7.35) for sums over K\ A instead of K, where A is an arbitrarily
chosen finite subset of K. Choose a number v’ < «' such that [I| > 27 /4"
and then choose A such that the inequalities (7.32) and (7.33) are satisfied
with +" instead of v, and such that

Zpk<6

keK

for a small € > 0, to be chosen later. We may assume by a scaling argument
that " = 7.

It is sufficient to prove the inverse inequality for intervals of the form
(=R, R) with R > 1. Choosing the same functions G and g as in the proof of
Ingham’s theorem, we have the following:

e ¢ <0 outside (—R, R),
e G(0)>0,
e ( has finite maximum g on R.

Therefore, using (7.36), the last sum in (7.37) can be majorized as follows:

| Y Glor —wiaian| <u Y lagllay |

k,neK k,neK

< S (voaletl) (Vorlet)

kneK

7
<§ Y (pulef P+ pilertl?)
kneK

= M(Z pk) (ZWII?)

keK keK

<pe Y |zf

keK

If we choose € < G(0)/p at the beginning, then using this estimate, we deduce
from (7.37) the inequality

oo

SR S oy — ey S SO

keK >

with o denoting the maximum of g in [~ R, R]. This proves the inverse inequal-
ity for the intervals [—R, R]. It remains valid by translation for all intervals
of length > 2.

For the proof of the direct inequality, we choose again the same functions
G and ¢ as in the proof of Ingham’s theorem. Then

“Here we use hypothesis (7.34).
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e g>0onR,
e ¢ > 1 on some small interval [—r, 7],
e ( attains it maximum in 0.

Therefore, we now deduce from (7.37) the following inequality:

2@ ' lz(t)[* dt < G(0)(1 +¢) Z|$z|2

-r keK

This proves the direct inequality for the interval [—r, r]. The general case
follows by covering the interval I by finitely many translates of [—r,7].
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Multidimensional Ingham-Type Theorems

In this chapter we generalize Ingham’s theorem to functions of several vari-
ables, i.e., to functions of the form

a(t) =Y ape!, te RV, (8.1)
keK

with complex coefficients xy, where (Wi, )rex is a given family of vectors in RY.
We improve a classical theorem of Kahane: our results show an interesting
connection between Ingham-type theorems and the spectral theory of the
Laplacian operator. We also prove related optimal results by using other norms
of the Euclidean space. We then apply these results in order to extend some
surprising internal observability theorems of Haraux and Jaffard concerning
rectangular plates to arbitrary spatial dimensions.

8.1 On a Theorem of Kahane

Let (wg)rex be a family of vectors in RY. Given a Euclidean ball B ¢ RY
of radius R, we are interested in the validity of the estimates

a1 Y k] < / 2 (t)? dt < cp Y |al? (8.2)
keEK Br keK

with suitable (strictly) positive constants ¢; and ¢o, independent of the par-
ticular choice of the coefficients .

Fix 1 < p < oo arbitrarily and let us denote by BP the ball of radius r in
RY with respect to the p-norm:

B :={zeRY : |z||, <r}.

Here
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N 1/p
lally = (D Jail”)
i=1
if 1 <p<ooand
|]| oo := max{|z1],...,|xN]|}

for p = co. Similarly to the scalar case, (8.2) cannot hold unless there exists
a number v = 7, > 0 such that

lwg —wnllp >~ forall k#n. (8.3)
We are going to prove the following result:

Theorem 8.1. Assume (8.3) and let us denote by p, the first eigenvalue of
—A in the Sobolev space H&(B,Z;/Q). If R > \/up, then all sums (8.1) with

square-summable complex coefficients xy. satisfy the estimates (8.2).
Remarks.

e For N =1 this result reduces to Ingham’s theorem (p. 59) because the first
eigenfunction of —A in H}(—v/2,7/2) is (up to a multiplicative constant)
the already familiar function cos(mz/7v), so that u, = 72/72, and Bg is
the interval (— R, R) of length 2R.!

e In the Euclidean case p = 2 the above result strenghtens an earlier theorem
of Kahane [61], by providing a weaker condition on R for the validity of
(8.3). In terms of the Bessel functions our condition can be reformulated
in the form R > 2pyn/7, where px denotes the first positive root of the
Bessel function Jy _, (x).

e The theorem was obtained in [7] for p = 2 and p = oo, and then in [103]
for the general case.

We prove this theorem by adapting Ingham’s method given in Sec-
tion 4.2 (p. 62): instead of estimating fBR|gc(t)|2 dt directly, we estimate
S~ 9(8)|z(t)|? dt, where g(t) is a carefully chosen weight function for which
the exponential functions e+ are mutually orthogonal. We proceed in four
steps.

First step: translation invariance. If (8.2) holds for some ball, then it also
holds for every other ball of the same radius, with the same constants ¢; and
c2. This follows by a simple change of variables. Hence it suffices to consider
(Euclidean) balls Bg centered at the origin.

Second step: Fourier transfom. If G € H&(B};) and G is continuous, then
extending it by zero outside BY and introducing its Fourier transform

g(t) := G(x)e ™t dx, teRN,
BY

LOf course, in the one-dimensional case all p-norms are the same.
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we have
/ gz (®)]? dt = 2m)NG(0) Y || (8.4)
RN
keK
Indeed, this follows from the identity

[, a0k = n) 3w, Gl —wn)

kneK

because as a consequence of (8.3), G(wy — wy,) = 0 whenever k # n.

Third step: proof of the second estimate in (8.2). Let us denote by H
the eigenfunction of —A in Hol(Bs /2), corresponding to the first eigenvalue p.
Multiplying by —1 if necessary, we may assume that H > 0 in Bf; /2 Extending

by zero outside this ball, we obtain a continuous function on R, still denoted
by H.

Let us denote by h the Fourier transform of H. Since the function H is
radial and therefore even, for? [|t||, < m/v we have

/ H( )_”td:r—/ H(x)cosz -t dr >0
By /2 By /2

because for ||z||, < v/2 and ||t||; < 7/y we have |z - t| < v/2, and therefore

cosz -t > 0. Since h is continuous, it has thus a positive minimum on the
compact set B := {t e RN : |||, < 7/~}.
With G := H * H, it follows that

G € Hy(Bh),
g=Ih*>0 in RY,

and

g has a positive lower bound g in B.

Therefore, using (8.4) we have

5 [la®F i< [ ol dt = (27)G(0) Yo

keK

proving the second inequality of (8.2) for B instead of Bgr, with ¢y =
(2m)NG(0)/B. The general case follows by covering Br with a finite num-
ber of translates of B and applying the triangle inequality.

Fourth step: proof of the first estimate in (8.2). Consider the same function
H as before. Now setting G := (R?> + A)(H x H) and denoting its Fourier
transform by g, we have

2Here we denote by ¢ the conjugate exponent of p.
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G e H)(BY),
g(t) = (B>~ [P h(nF <0 if 1] > R.

Hence g is bounded from above in RY by some constant . Using (8.4) we
obtain that

060 Yol = [ sl ar<a [ jaof ar

keK Br

This yields the first inequality of (8.2) with ¢; = (27)VG(0)/a, provided that
G(0) > 0.

This last inequality follows from our assumption R > ,/u, and from the
variational characterization of the first eigenvalue p of the operator —A in

H&(35/2)1

G(O):/BP

R?’H? — |VH|* dz = (R* - up)/ H? dx > 0.
v/2 B:/2

8.2 On the Optimality of Theorem 8.1

The optimality of the condition R > ,/up in Theorem 8.1 remains a very
interesting open question in the general case. In this section we establish the
optimality in two particular cases.

As in the preceding section, let (wi)rex be a family of vectors in RV,
satisfying for some 1 < p < oo and v > 0 the gap condition (8.3). We are
going to prove the following theorem:

Theorem 8.2. Assume (8.3).

(a) The inverse inequality in (8.2) can fail if p =00 and R < \/jioo.

(b) The inverse inequality in (8.2) can also fail if N = 2, p = 1, and
R < \/Ml
Remarks.

e Part (a) was proved in [7] in an even more general form, by considering
also functions of the form

x(t) = Z Z xk,jtjei‘”’“'t, te RV,

kEK |jl<M
where M is a given positive integer, j = (ji,...,jn) is a multi-index, and
lil=g1+ - +jn, 7 :t{I t%\’

e Part (b) seems to be new.
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A simple scaling argument shows that it is sufficient to establish the above
results for an arbitrarily chosen v > 0.

Proof of part (a). Let the exponents wy run over the set Z" of points of
R all of whose coordinates are integers. Then (8.3) is satisfied with p = oo
and vy = 1.

Fix an arbitrarily small number 0 < ¢ < 7 and set (see Figure 8.1 )

) 1 ifdist (¢,27ZY) <,
T =
: 0 otherwise,

where the distance is taken in the usual Euclidean sense. The function z. is
locally square-summable and 2-periodic in each variable. Developing it into
an N-fold trigonometric Fourier series, we thus have

x:(t) = Z zpettt
kezZN

with square-summable coefficients x. Since z. does not vanish identically,
there are nonzero coefficients. Since x. vanishes identically in the ball of center
(m,...,m) and radius v/ N7 — €, we conclude that the first inequality of (8.2)
cannot hold unless R > /N7 — e. Since ¢ can be chosen arbitrarily small,
we complete the proof by observing that /g = VN7 because the first
cigenfunction of —A in Hy(B79,) is given by the formula

H(z) = cos(may) - - - cos(may),
so that —AH = Nn?H.

Proof of part (b). Consider the function z. introduced above. If N = 2,
then setting
t1 +12 t1 — 12
)
we have k-t = n - s, so that we may rewrite the Fourier expansion of x. in
the new variable s in the form

ze(t(s)) = Zxk(n)ems,

n= (ki + ko, k1 —ka) and s:(

where n = (n1,n2) runs over the elements of 72 for which ny + ne is even.
Since ||t|l2 = v/2||s]|2 and therefore

/B |z (1)]? dt = 2/ |z (t(s))]? ds,

Br
it follows from part (a) that the first inequality of (8.2) cannot hold unless
RvV2 > /N7 with N = 2; i.e. R > . We conclude by observing that the set
of exponents n satisfies ¥ = 2 for p = 1, and that j; = 72 in the present case
because B}{/Q is a square of side v/2, so that the first eigenvalue of —A in B}

RV2

is equal to 2.
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Fig. 8.1. Proof of part (b)

8.3 A Variant of Haraux’s Theorem

In this section we extend Theorem 4.5 (p. 67) to the multidimensional case.
Let (\x)rex be a family of vectors in CV satisfying

sup|RA ;| < o0,
and for some ko € K the gap condition

:= inf — .
Y0 kilk()”)"“ Akoll2 >0

Proposition 8.3. Assume that for some ball By C RN we have
/ L@ dt= Y Jal? (8.5)
Bo keK\{ko}

for all finite sums of the form

x(t) = Z zpet (8.6)

ke K\{ko}

with complex coefficients x,. Then for every ball B having a strictly bigger

radius we also have
(O dt <> |aw]? (8.7)
keK

for all sums of the form
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t) = Z zpettt (8.8)

keK

with square-summable complex coefficients xy. The corresponding constants
depend only on the balls By and B.

Remark. We could also establish a more general result, similar to Theorem
6.2 (p. 93) by allowing more general terms t™e*+* in the sums where m is a
multi-index. We consider only a less general situation, in order not to make
the book too long.

The proof is a straightforward adaptation of that given in Section 4.4 (p.
69), so we merely indicate the main steps. As in the one-dimensional case,
it suffices to establish (8.7) for finite sums: the general case then follows by
density. By rearranging the terms if necessary, we may assume that K is the
set of nonnegative integers and kg = 0.

Proof of the direct part of (8.7). We can repeat the corresponding argu-
ments in Section 4.4. First, the estimates (8.5) remain valid for every translate
of the ball By. Then the direct part of (8.7) can be established on all these
translated balls by an elementary argument using the triangle inequality. Fi-
nally, the direct part of (8.7) is proved for every ball by covering it by finitely
many translates of By and using the triangle inequality again.

Proof of the inverse part of (8.7). Given a ball B whose radius is bigger
than that of By, choose a positive number § that is smaller than the difference
of the radii. Since the estimates (8.5) are valid for every translate of the ball
By, we may assume that the balls By and B are concentric.

For z given by (8.8), the formula

y(t) == x(t) — ‘2 /B e NS (t + 5) ds,

where Vs denotes the volume of the ball
Bs :={s e RN : |s] <6},
defines a function y of the form (8.6): an easy computation shows that
Z g\ — No))zre Zyke kot
k=1
with

1
A) = / N ds.
g(N) Vs I,

If A is a nonzero, purely imaginary vector, then |g(A)] < 1, and g(A\) — 0
as |A| — oo. If all vectors A\, — Ao are purely imaginary, then we may conclude
by the gap condition 9 > 0 that
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2

e:=inf|l —g(Axr — A > 0.
in 1| gk = o)

The same conclusion may be obtained in the general case, too, by slightly
changing ¢ if necessary.
Then using the assumption (8.5) we have

Skl <Yl < [ P d (3.9)
k=1 k=1 Bo
with a suitable constant ¢;. Furthermore,
1 2
0P < 2la(0)? + 2| / et + 5) d|
Vs /5,

9202IRN0[d
<2lz(t))? + / lz(t 4 s)|* ds
Vs Bs

262\§]‘D\0|5

=2+ 2 [ o s
S

so that

92RXo 6
ly()|? dt <2 [ |z(t)|* dt + / / |z(s)|? ds dt
Bo Bo Vs Bo J Bs(t)

262|%>\0‘5
o [ @ d+ / / l(s)[2 dt ds
Bo Vs B JBs(s)NBo

<2 [ |z(t)* dt + 2e2|%’\°‘5/ lz(s)|? ds
Bo B

< (2+2e2lmo\5)/3|x(s)|2 ds.

Combining this with (8.9), we conclude that

> il < 02/ lz(s)]? ds (8.10)
k=1 B

with a suitable constant cz. In order to recover (8.7) it remains to establish
the estimate

|x0|2 < 03/ |ac(s)|2 ds (8.11)
B

with a suitable constant c¢s. Using the decomposition (8.8), we have

o
2
lzo|? < C4/ |zo|? dt < 264/ lz(t)? + ‘Z xpekt
B B =

with some constant ¢4. Since using our assumption (8.5) and then (8.10) we
have

dt
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oo
/’E l‘keAkAt
Blp=1

with another constant cs, we deduce from the preceding inequality that

2 oo
d < es Y lanf? < deaes [ [olo) ds
k=1 B

lzo)? < 04/ lzo|? dt < 204/ lz(t)|* dt +8C2C4C5/ lz(t)?.
B B B

Thus (8.11) holds with ¢3 := 2¢4 + 8cacqcs.

8.4 A Weakening of Ingham’s Condition

We have already given a weakening of Ingham’s condition |I| > 27/v in
Theorem 4.6, p. 67. The following result of Kahane is stronger; however, the
proof is more involved. The results established in this section will also be used
in the following chapter.

Proposition 8.4. Let (wy)rex be a family of vectors in RN, satisfying the
uniform gap condition. Let K = K; U ---U K, be a partition of K, and
assume that the estimates

X 2
/ ’Z pRe Nt dt < > |’ j=1,...m, (8.12)
Br.

i keEK; keK;

hold for all finite sums with complex coefficients x,, with suitable numbers R;.
Then we also have

. 2
/ [ w3 P (8.13)
B

R keK keK

for every R > Ry + -+ 4+ Ry, for all sums with square-summable complex
coefficients.

As usual, we may assume by translation that all balls are centered at zero,
and it suffices to establish (8.13) for finite sums.

If R < min Rj, then the direct part of (8.13) follows from (8.12) by using
the elementary inequality

214 4 2wl <m(lz? + 4 |am]?).

If R > min R;, then the direct inequalities are obtained by covering Br by
finitely many small balls and applying the already proved inequality on each
of them.

Turning to the proof of the inverse inequality, first we recall a basic result
of functional analysis on biorthogonal families:
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Lemma 8.5. Let (fi)rer be a family of vectors in a Hilbert space H. Assume

that
2
c1 Z|$k|2 < HZ CCkka <co Z|xk|2 (8.14)
kEK

keK keK

for all finite linear combinations of these vectors, with two positive constants
c1 and cy. Then there exists another family (yx)rex of vectors in H such that

(yk7fn) = §kn (815)

for all k,n € K. Moreover, both families are bounded in H :

[ fill < Vea and |yl <1/
for all k.

Proof. The inequalities || fz|| < \/c2 follow at once from (8.14). Let us denote
by w,, the orthogonal projection of f,, onto the closed linear subspace H,, of
H spanned by the remaining vectors fx. Then we have

(fn—wn, fr) =0 forall k=#n

and
(fn - wnawn) =0,
whence
(fn - wnvfn) = ||f7l - U)n||2

Writing f,, — w, = > 2k fx, we have z,, = 1, so that ||f, — w,||* > c1 by
(8.14). Therefore, the formula

Yn = || fn — wn||_2(fn — wy)
defines a family satisfying (8.15) and bounded by 1/,/c;.

Turning to the proof of the proposition, we may (and will) assume that
m = 2: the general case then follows by induction on m. Furthermore, we
will extend every function p € L2(B) by zero to RY; equivalently, p € L?(B)
if p € L*(RY) and p = 0 almost everywhere outside B. Setting henceforth
fn(t) := et for brevity, we then have

(0 fn)L2(B) = Pwn)

for all n by the definition of the Fourier transform.
Fix a positive number r such that R > Ry + Ro + 3r.

Lemma 8.6. There exists a bounded family (pi)rex in L?(Br, 1+ ryir) Satis-
fying

Pk (wn) = §kn
for allk,n e K.
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Proof. As a consequence of hypothesis (8.12) we may apply the preceding
lemma to the family (fx)rex, in L*(Bg,), j = 1,2: there exists a bounded
family (¢r)kex, in L?(Bg,) satisfying

@k (wn) = §kn

for all k,n € Kj, j = 1,2. Since Bg, has finite volume, the family (¢ )rex;,
is also bounded in L'(Bg,) by Holder’s inequality.

Furthermore, for each fixed k € K3, as a consequence of Proposition 8.3
(p. 158) we may also apply the preceding lemma to the family (fy)ner,ur
in L?(Bpr,+,). In particular, there exists a function ¢y, € L?(Bp, ) satisfying

Vp(wr) =1, and Pp(w,) =0 forall ne K.
Similarly, for every k € K, there exists a function vy, € L?(Bg,+,) satisfying
@k(wk) =1, and sz(wn) =0 forall neK;.

Note that by the uniform gap condition on the whole family (wg)rex,
we may choose the same constants in all estimates provided by Proposition
8.3, so that the family {¢» : k € Ki} is bounded in L?(Bg,4,), and the
family {¢ : k € K} is bounded in L?(Bg,4,). Since the family (¢r)kex,
is bounded in L'(Bg,), the convolution product

Pk = Pk * Y

defines a bounded family {px : k € K} in L?(Bg,+R,+r)- (Here we use the
elementary properties of the support of a convolution product and the fact
that all balls are centered at the origin.)

This family has the required properties. Indeed, we have

r(wr) = Brlwi)dr(wr) =1-1=1

for all kK € K. It remains to show that if k # n, then pi(w,) = 0. This follows
from the equality

B (wn) = Bi(wn) Vi (wn)

because one of the two factors on the right-hand side vanishes. Indeed,
or(wy) = 0 if k and n belong to a same index set K, and ¢x(w,) = 0
otherwise.

Now we can establish the inverse inequality of the proposition:

Lemma 8.7. We have

>l < c/ lz(t)]? dt

kEK Br

for every finite sum
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z(t) = Z e fr(t) Z xpetert
keK keK

with complex coefficients xy, where ¢ is a constant independent of the partic-
ular choice of (x).

Proof. It is sufficient to construct a function y € L?(Bgr) satisfying
Z|$k| (y,®)12(B,) and HyHLz(BR) <c Z |$k|
keK keK
Then applying the Cauchy—Schwarz inequality, we have
2
(Yo 1onl?)” < yleqamlloltacen < (3 12e) Ioll3ean,
keK keK

and the required estimate follows.

For the construction of y we are going to use the functions H and h
introduced in the proof of Theorem 8.1 (p. 154) but by reversing the role of the
variables ¢ and x. More precisely, let us denote by H(¢) the first eigenfunction
of —A in H}(B,), normalized so that

[ ) de = /B H(t) dt =1,

and let us introduce its Fourier transform h(w) by the formula

h(w):= | Ht)e ™'dt, weR".
RN

Then G := H «+ H € H}(B>,) is a bounded continuous function, whose
Fourier transform

g(w) := Gt)e ™t dt, weRY,
RN

is nonnegative because
and we have

by the above normalization of H.
Let us also introduce the functions

Gn(t) :=Gt)e“t, teRN, nekK.

Their Fourier transforms
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satisfy the simple algebraic relations

In(w) = g(w —wy)
because
gn(w) = Gn(t)e ™t dt = Gt)e @ en)t gt — g(w — wy,).
RN RN

Note that G, € HJ(Ba,) for every n.
Now for any given

2(t) = wpfult) = D wpe !

keK keK

we define a function g(t) by the explicit formula

90 = gy 2 Tl K.

nekK

Since p,, vanishes outside Br,+Rr,+r, Gn vanishes outside Bg, and R > R; +
Ry + 3r, g belongs to L?(Bg).
A straightforward computation shows that

1 R .
(Y, T)L2(BR) = (2m)N Z Tk Pr (Wi )G (wi)
n,ke K

= Z TpTkpn(Wi)g(Wr — wn)
n,ke K

=D laxl”

keK

because p,(wg) = dnr and g(0) = 1.
It remains to estimate the L? norm of y. Using Plancherel’s equality we
have

9y = [ (OF
—2m) N /RN@(w)F o
= 7T_N xn/\nw nw2w.
= [ saimtrne]

Since the Fourier transform sends L*(R") continuously into L>*(R") and
since the family (p,,) is bounded in L?(Bg) and thus also in L*(RY), the family
(Pn) is uniformly bounded in RY by some constant c;. Since, moreover, g,, > 0
in RY, we deduce from the above equality the estimate
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2
90500 < Cm)7e [ |3 foulan(o)|” o

nekK
Using Plancherel’s equality again, we see that this is equivalent to the inequal-
ity
2 2 2 it |2
Y1125y < cl/ \Zunmn(t)‘ dt :/ 'Z |2 |G (t)e™n ‘ dt.
RY nekK RN nekK

Since the function G(t) is bounded in Bs, and vanishes outside this ball, it

follows that
ol <2 [ |3 fonleten
Bar ek

2
dt

with another constant co. We conclude by recalling that the direct inequality
has already been established, so that the right-hand side of the last inequality
is majorized by a constant multiple of

Sl

keEK

8.5 Internal Observability of Petrovsky Systems

Let us return to the system

W+ A% u+au=0 in Rx £,
w=Au=0 on RxT, (8.16)
u(0)=up and w'(0)=w; in {2,

of Section 3.5 (p. 48). We recall from Proposition 3.5 that this problem is
well-posed for

up € H*(2) N Hy(2) and wu; € L*(02),

and that the energy of the solutions is defined by the formula
1
B = [ fult.o) +|du(t. o) + '(t0) de, teR
0

Assuming that we can observe the solution only on some open subset {2y of
(2 and a time interval I, we are led to investigate the validity of the estimates

/ |u'|* d dt < F(0). (8.17)
I1J82

They hold if 25 = £2. Indeed, writing®

3See Proposition 3.5, p. 48. We assume for simplicity that w,, # 0 for all m.
The results remain valid without this assumption by the usual modifications of the
proofs.
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u(t,x) = Z(akei”"‘t +a_ge e (2),

k=1

we have
E(0) = Y _|wrl*(Jaxl* + |a—x[?),

k=1

and -
/ |u'(t, z)|? dox = Z|akiwkei‘”kt — a_piwpewrt|? (8.18)
Q

k=1
by the orthonormality of the functions ey. For any given interval I we have

/’akiwkei”kt - a_kiwke_i”"‘tIQ dt =< |wi|?(Jak|® + |a—k|*)
1

uniformly in &, because we may apply Ingham’s Theorem 4.3 (p. 59) for all
but finitely many indices k, and Theorem 4.6 (p. 67) for the remaining finitely
many indices. (Since we have only two-term sums, these estimates can also be
obtained by a direct computation, without applying these theorems.) Hence,
integrating (8.18) over I, we obtain (8.17) with (2 in place of (2.

On the other hand, (8.17) does not hold for an arbitrary (nonempty) open
subset (29 of 2. Indeed, we have already seen in the analogous problem con-
cerning a spherical plate in Section 7.5 (p. 143) that the domain of observation
has to satisfy some geometric conditions.

Nevertheless, according to some theorems of Haraux [49] and Jaffard [54],
[55], the rectangular plates enjoy a particular situation: the estimates (8.17)
hold for all nonempty open subsets 2y of (2. Their result was extended to
arbitrary dimensions in [65]; we have in fact the following result:

Proposition 8.8. Let 2 be the product of N open intervals in RN, 2y an
arbitrary nonempty open subset of 2, and I an arbitrary interval. Then the
estimates (8.17) hold for all solutions of (8.16).

In order to simplify the formulae, we prove this proposition here only in
the special case

51:._.231\[:71- and alz...:aNZO.

(In [65] it was assumed that a; = --- = ay = 0.) At the end of the section we
indicate the (small) changes to be done in the general case.

Beginning of the proof. The solutions of (8.16) are given by the formula

N
: 2 s 2 .
u(t,z) = g (ai e'FI™t 4 ap e~ 1IFI) Hsmijj
kENN J=1
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with suitable complex coefficients a;: and a,, where N denotes the set of
(strictly) positive integers and we use the notation

k= (ki,...,ky) and z=(z1,...,2N).
Using Euler’s formula
sin z = ,
we may rewrite it in the form

u(t, ) j{: b+-zuk\t+kx)4_b— —i(|k|*t+k-x)
ke(zZ*)N

with new complex coefficients bﬁ and b, , where Z* denotes the set of nonzero
integers.
Using this formula, a straightforward computation shows that

BO) == Y [k (Ibf P + b5 %)
ke(z*)N

and
Ul(t,iU) — Z i|k|2b2—6i(\k‘2t+k~$) _ i|k|2b;6—i(‘k‘2t+kw)'
ke(zZ*)N

Therefore, putting
e =ilk|*bf, oy = —ilk|?b,, and  wy = (k% k) = (|k[* k1, k)

for brevity, the estimates (8.17) may be rewritten in the following form:

, , 2
/ e ) et OO dr dt =<y (I + e )
Ix$% ke(Z*)N ke(Z)N

Thus the proposition will be proved if we establish the following stronger
result:

Lemma 8.9. Set wy, := (|k|?, k) for all k € ZV. The following estimates hold
for every nonempty, bounded, open set G in RN*!:

/’ Z c+€zwk (t,x) +cp, etwr (L, I) dr dt = Z (|Ck |2 + |Ck| ) (8.19)

kez™ kezN
k=0 k#£0

It is sufficient to prove the estimates (8.19) for arbitrarily small balls G =
Bpr. Indeed, the general case then easily follows by covering G by a finite
number of translates of Br and by applying the triangle inequality, as we
have already done several times before.
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The following observation is crucial. Given a positive number R, assume
that there exists a partition of the family

{Fwy, : keZV, k#0} (8.20)

into finitely many, say m, subfamilies, each of which has a uniform gap ;
such that 5 5

Vi Wi g

a! TYm

Here p11 denotes, as in Theorem 8.1 (p. 154), the first eigenvalue of —A in
H}(By). Then (8.19) holds for G = Bg. Indeed, as a consequence of Theorem
8.1, the corresponding estimates hold for the subfamilies with G'= Bg,, R; =
2\/p1/vj. Since R > Ry + -+ + Ry, and since the whole family also has
a uniform gap (observe that all components of all vectors are integers), we
conclude by applying Proposition 8.4 (p. 161).

The following result states that there exist such partitions for every R >
0; this will complete the proof of Proposition 8.8. In order to simplify the
notation, let us denote by d(A) the largest uniform gap of a set A ¢ RN+,
ie.,

d(A) =inf{l[la—d|2 : a,a’ € A, a#d}.
Note that d(A) = oo if A has at most one point.
Lemma 8.10. For every given € > 0, the family (8.20) has a finite partition
Yi,..., Y, satisfying

d(vy) + 4+ d(Y,) <e.

Proof. Since the family (8.20) is the union of the congruent sets
Z:={wp : keZ", k#0} and -—Z,

it suffices to prove that Z has the above-mentioned property.

Fix a small positive number §, say* 0 < § < 1/(N + 1)!. A subset X of
Z is called r-thin if there exist nonzero vectors ki, ..., k, € Z" and intervals
I,..., I of length ¢ such that

—0<kj-k,<6 forall j#n
and
kj-kel; forall ke X and j=1,...,nr

Observe that Z itself is a 0-thin set. Furthermore, by the above choice of §, an
N-thin set has at most one element. Indeed, if an N-thin set had two distinct
elements (|m|?, m) and (|m + ko|?, m+ ko), then we would have for each j the
relations

4This choice will be explained soon.
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kj-(m+ko)el; and k;-melj,

implying
—0<kj-ko<6

because |I;| = §. Since® k; - kj > 1 for j =0,..., N, it would follow that the
determinant

N
|kj : k"'j,n:O
was different from zero by our choice of . But this is impossible because the
N + 1 vectors ky,. . ., ky cannot be linearly independent in the N-dimensional
space RV,

The following step is crucial. If X is an r-thin set and ¢ a positive number,
then let us denote by X (c) the set of points (|m|?, m) € X such that |k-m| > ¢?
for all nonzero vectors k € ZY satisfying

|k <¢, and |kj-k| <6, j=1,...,m (8.21)

We have
d(X(c)) > ¢ (8.22)

for all ¢ > 0, i.e., X(c¢) has a big uniform gap if we choose a sufficiently large
c.

It suffices to show that if (|m|?,m) and (|m + k|?,m + k) are two distinct
elements of X (¢), then at least one of the two following inequalities is satisfied:

k| >c or |lm+kP*—|m*| >c

It follows again from the definition of X that |k; - k| < § for j = 1,...,7.
Therefore, if |k| < ¢, then we deduce from the definition of X (¢) that |k-m| >
c2. Consequently, we have

[[m + k> = |m[*| = |2m -k — k- k|

> 2im - k| — |k|?

> 2¢% — 2

=2
The following step is decisive: if X is an r-thin set for some r < N and c
is a positive number, then X\ X (c) has a finite covering by (r + 1)-thin sets.
Indeed, let Z be a finite set of intervals I of length §, covering [—c?, ¢?], and
let K be the (finite) set of nonzero vectors k € Z" satisfying (8.21). Then, by

the definition of X (c¢) a suitable covering is given by the sets
{(jm|*,m) : k-mel}, €I, kek.

5We recall that all components are integers.
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Now we are ready to complete the proof of the lemma. Since Z is a 0-thin
set, choosing ¢; > 1/¢, setting Y7 := Z(c1), and using the last observation, we
obtain a finite covering

Z=Y,UX,U---UX,

of Z, where
1

d(Yl) <e

by (8.22), and Xs,..., X, are 1-thin sets.
Next choose a sufficiently large positive number ¢y such that
1 p—1
+ <e.
d(Yl) Co
Setting Y; := X(c2) for j = 2,..., p and using the same observation as before,
we obtain a finite covering

Z=Y1UY,U---UY,UX,11 U---UX,

of Z such that ) )
+ 1+ <e
(Y1) d(Yy)
and X,41,..., X, are 2-thin sets.
Continuing this construction, after N steps we obtain a finite covering

Z=Y1UY2U---UY,UX,11U---UX;

of Z such that 1 1
+ot <e
(Y1) d(Yy)
and X,11,..., X are N-thin sets. We conclude by recalling that d(A) = oo
for all N-thin sets, so that

1 1 1 1
av) T a) Tac T T axy) <

The above proof can easily be adapted to the general case. First of all, if
2 is the product of intervals of differing lengths, then the above proof remains
valid; we have only to modify the notation; see, e.g., [65], where the proof was
carried out in the general case. Next, if lower-order terms are also allowed
in the equations, then we may have a finite number of nonreal exponents.
However, it follows from the asymptotic behavior of the eigenvalues that the
influence of the lower-order terms is very small if we neglect a (sufficiently
large) finite number of exponents wy. In particular, the crucial Lemma 8.10
remains valid if we remove a finite number of exponents wy. If none of the w,,’s
is equal to zero, then the theorem easily follows by applying Proposition 8.3
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(p. 158) in the usual way. Otherwise, we have to generalize Proposition 8.3 in
the direction outlined in a remark following the statement of this proposition.
More precisely, denoting by IV the set on indices k for which wy = 0, we have
to prove that if for some ball By € RV*! we have

/ Z xkewk'(t,w)thx Z |xk|2
Bo

kEK\N kEK\N
for all finite sums with complex coefficients xj, then for every ball B having
a strictly bigger radius, we also have

2
/ ’Z ﬁkte“’k'(t’m) + Z et GO g dt = Z|xk|2
B

keEN keK keK

for all sums with square-summable complex coefficients By and zj. This can
be established by a simple adaptation of the proof of Theorem 6.2, which is
left to the reader.
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A General Ingham-Type Theorem

The main purpose of this section is to establish a far-reaching generalization
of Ingham’s Theorem 4.3 (p. 59). Our main Theorem 9.4, obtained in [§]
and [9], will contain as a special case a celebrated improvement of Ingham’s
theorem, due to Beurling, who determined the critical length of the intervals
for the validity of the estimates. Moreover, and this will be essential in our
applications in the following chapter, we will also weaken the uniform gap
condition. Our main result is motivated and formulated in Section 9.1, and
its proof occupies the following four sections.

Ingham’s original motivation was to give a simple proof of an important
theorem of Polya on singular points of certain Dirichlet series. Subsequently,
Polya’s theorem was generalized by Bernstein. In the last Section 9.6 of this
chapter we present a simple proof, given in [79], of Bernstein’s theorem by
following the ideas of Ingham but by applying our Theorem 9.4 instead of his
Theorem 4.3.

The proof Theorem 9.4 is long, so the reader may prefer to read, just after
Section 9.1, either Section 9.6 on the Dirichlet series, or the following Chapter
10, which is entirely based on this theorem. Having seen its usefulness, the
reader can then return to learn the proof, too.

9.1 Generalization of a Theorem of Beurling

Let us begin improving Ingham’s Theorem 4.3:

Theorem 9.1. Assume that a sequence (\y,) of real numbers satisfies

for some y1 > 0 the gap condition

oo
n=—oo

Atl — A =71 for all n. (9.1)
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Furthermore, assume that for some v > 0 and an integer M > 1 we also have'
At — A = M~ for all n. (9.2)

Then for any fized interval I of length |I| > 27 /~, all finite sums

Ft) = bue™t b, €C, (9.3)

satisfy the estimates

/I|f(t)|2 dt =3 [baf?. (9.4)

Proof. Fix an interval J of length |J| = |I|/M. As a consequence of (9.2) we
may apply Ingham’s theorem to each of of the M subsequences (Wark+;)5>_ o>
j =1,...,M. As a consequence of hypothesis (9.1) we may conclude by
applying Proposition 8.4 (p. 161).

Theorem 9.1 is optimal. In order to show this, let us introduce, following
Pélya [113], the upper density DT of the sequence (Ay). It is defined by the
formula N

Dt o= fim " "),
r—00 r
where nT(r) denotes the largest number of terms of the sequence (\,) con-
tained in an interval of length r. The existence of the limit follows from the
subadditivity relation n*(r 4+ s) < n'(r) + n*(s) for all r,s > 0. Indeed, set
a = inf,~on™*(r)/r, choose B > « arbitrarily, and then choose R > 0 such
that n™(R)/R < 3. For every r > R, writing r = mR + s with an integer
m > 1 and with 0 < s < R, we have
+ + + +
q< " (r) o n ((m+1)R) - (m+1)n"(R) _m+1n (R)
- r = mR - mR m R

If r — oo, then m — oo, and therefore n*(r)/r < (3 for all sufficiently large
r. Letting 8 — «, we conclude that n™(r)/r — a as r — oo.

According to a celebrated theorem of Beurling [14] (see also Seip [124]),
the critical length is equal to 27DT:

Theorem 9.2. (Beurling) Let (\,) satisfy the condition (9.1) again. Then
the estimates (9.4) hold if |I| > 2r D", and they do not hold if |I| < 2xD™.

A counterexample of Ingham [52] shows that the estimates (9.4) can fail
in the limiting case |I| = 2rD*.

1Of course, this condition is satisfied with ¥ = ~1 and M = 1. The point is
that we can sometimes choose a number v > ~; that leads to a weakening of the
condition on the length of I in the estimate (9.4).
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Example. Consider the sequence (A,) given by
Xop =2n and  Agpy1 =2n+ 1073

for all n. Then condition (9.1) is satisfied with 43 = 1073, so that Ingham’s
theorem implies the estimates (9.4) for every bounded interval I of length
> 20007r.

On the other hand, we have DT = 1 here, so that by Beurling’s theorem
the estimates (9.4) hold in fact for every bounded interval I of length > 2,
and they do not hold if I is shorter than 2.

Example. Consider the sequence ()\,) given by A\, = n?® for all n. Then
condition (9.1) is satisfied with 3 = 1, so that Ingham’s theorem implies the
estimates (9.4) for every bounded interval I of length > 27.

On the other hand, now we have DT = 0, so that by Beurling’s theorem
the estimates (9.4) hold in fact for every interval I.

Let us show that the assumptions of the preceding two theorems on the
length of I are equivalent; hence the sufficient part of Beurling’s theorem is
equivelent to Theorem 9.1:

Proposition 9.3. Given an increasing sequence (A,) and an interval I, the
condition |I| > 2w DV is equivalent to the existence of a number v > 0 and of
an integer M > 1 such that |I| > 27 /v and

At — A = M~y for all n. (8.2)
Proof. Condition (9.2) implies at once that, more generally,

AntkM — Ap > kM~ for all n
for k =1,2,.... These relations imply the inequalities

nt(kM~y) <kM+1, k=1,2,....

Letting k& — 0o, we conclude that DT < 471,

|I| > 27/~ implies that |I| > 2rD*.
Conversely, given a bounded interval of length |I| > 2w D™, choose a num-
ber v > 0 such that

and therefore the condition

2
111> " > 2rD*,
vy

and then choose a sufficiently large r such that

We may assume that M := r/v is an integer. Then we have n*(r) < M,
which implies that
AntMm — Ay > 1 forall n.

Since r = M+, this is just the condition (9.2).
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The preceding theorems do not apply to the following example:

Example. Consider the increasing sequence (\,) of the numbers n® and
n3 +n~3, where n runs over all odd integers. Then condition (9.2) is satisfied
with M = 2 and v = 1.5, but we do not have a uniform gap ;. Applying
Theorem 3 in [6] (proved in Theorem 2.1 in [7]), an improvement of earlier
results of Jaffard, Tucsnak, and Zuazua [56], [57] and of Castro and Zuazua
(23], we obtain for every bounded interval I of length > 37 the estimate

/ FOR dt =3 b + ba1[2 + 0] (1bal? + [ba_1]2),
I

where n runs over the odd integers.

In view of second example above it is natural to expect that the estimates
of the third example hold in fact for every bounded interval I. We will confirm
this conjecture by applying a generalization of Theorem 9.1 for sequences not
necessarily having a uniform gap. In order to formulate our main result, we in-
troduce the divided differences of exponential functions with close exponents.

Let (An)S2 _ . be an increasing sequence of real numbers, satisfying for
some integer M > 1 and a real number 7 > 0 the condition (9.2). (For M =1
this assumption implies that the sequence is strictly increasing. On the other
hand, for M > 1 we can have repeated terms, but no term can be repeated
more than M times.)

Fix a number 0 < 4" < ~ and denote by A; (j = 1,..., M) the set of
integers m satisfying the following conditions:

>\m - )\m_l 2 717
>\n_)\n—1<'}/l for m+1§n§m+]_1’
Am+j = Amtj—1 > 7

We say sometimes that the exponents A,,..., Antj—1 form a chain of close
exponents for 4. Then the M (M + 1)/2 sets

Aj+k:={n+k :ned;}, 0<k<j<M,

are disjoint. Furthermore, since by (9.2) we cannot have M consecutive dis-
tances A\py1 — A, < 7/, they form a partition of the set Z of all integers.

Let us introduce for m € A; the divided differences e, (t),..., emtj—1(t)
of the exponential functions

o) =™t n=m,. ... om+j—1,

by the formula (see, e.g., [53], theorem 2, p. 250)

1 S1 Sn—m—1
en(t) = (it)”_m/ / / Adsp_m -+ dsy (9.5)
o Jo 0

with
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A= exp(i(sn-mAn = Anct] -+ 51Dt = A + At

forn=m,...,m+j —1. We have e,, = f,, in particular.
If Ay . ., Ay are distinet, then (9.5) is equivalent to the familiar expression

enlt)= [ﬁ’w )] 5,

where the sign / in the products indicates the omission of the zero factor
corresponding to ¢ = p.

In the other extreme case, in which \,, = --- = A, we have e,(t) =
tn—meiknt'

Let us consider the (finite) sums of the form

oo

ft) = Z anen(t), a, € C. (9.6)

n=—oo

If the sequence (\,,) is strictly increasing, then the set of functions of the forms
(9.3) and (9.6) coincide. In the general case (see Lemma 9.5 below) the set of
functions (9.6) is the linear span of the functions #/ exp(i\,t), where n runs
over the integers and j = 0,...,k — 1 if \,, appears k times in the sequence
(An)- In particular, the set of functions of the form (9.6) always contains those
of the form (9.3).

Theorem 9.4. Given a (not necessarily strictly) increasing sequence (\,) of
real numbers satisfying

AnaM — A = My for all n, (8.2)

fir 0 < " < ~ arbitrarily and introduce the sequence of functions (e,) as
described above. The sums (9.6) satisfy the estimates

oo

/I FOR d= S fanf? (9.7)

n=—oo

for every interval I of length |I| > 27y. The corresponding constants ¢1 and
co depend only on M, ~y, v, and on the interval I.
Moreover, for every real number o > M —(1/2) we also have the estimates

/ TR d = S jaP (9.8)

- n=-—o00

with corresponding constants depending on M, v, ', and o.

Several remarks are in order.
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Remarks.

e According to Proposition 9.3, the estimates (9.7) hold (for a suitable choice
of the functions e,) whenever |I| > 27 D™. Mehrenberger established re-
cently in [108] that no estimate of this type can hold if |I| < 2rD™.

e The liberty of choosing 0 < " < v instead of 7 =  is useful because the
structure of the sequence (e, ) may become simpler for a smaller 4. Indeed,
by diminishing v’ some chains of close exponents for v can break into
several shorter chains of close exponents for 7. For example, if the sequence
(A\n) satisfies not only (9.2) but also the gap condition (9.1) with some 7,
(which may be much smaller than ), then choosing 0 < 4/ < min(y1,7),
we have Ay = Z and Ay = --- = Ay = 0, so that Theorem 9.4 reduces to
Beurling’s theorem.

e Consider an extreme case in which the sequence (Ay) is not strictly in-
creasing. If every term of the sequence (\,,) is repeated M times, then we
obtain that the estimates (9.4) hold for all sums of the form

co M-1

f(t) = Z Z arptptPe ML a, € C.

k=—oc p=0

This was proved in a different way in [7] (where the case of several variables
was also studied). If the exponents are the integers, then this result was
proved earlier by Ullrich [133] (in that special case he also established the
estimates for intervals of critical length).

Example. Applying Theorem 9.4, we obtain that the estimates of the third
example hold for every (arbitrarily small) interval I.

We prove Theorem 9.4 in Sections 9.2-9.4 by generalizing a method of
Kahane [61]. Part of his approach is simplified by applying the method of
Haraux [48].

In this chapter the letters ¢, ¢, co, etc., will denote various (strictly)
positive constants depending only on M, v, 4/, and on the intervals I and/or
J under consideration.

9.2 Chains of Close Exponents

In the rest of this chapter we assume that the assumptions of Theorem 9.4
are fulfilled. In order to simplify the notation we shall write p ~ ¢ if there
exists m € A; such that both p and ¢ belong to the set {m,...,m +j — 1},
i.e., if A\, and A4 belong to the same chain of close exponents beginning with
Am and ending with A, qj_1.

Our first lemma shows that if Theorem 9.4 is established for some partic-
ular value of 0 < v/ < ~, then it holds for all values 0 < 7/ < ~. This will be
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useful later, because the proof of Theorem 9.4 will be simplified by assuming
that +' is sufficiently small.
Let
Am <o < Aot

be a chain of close exponents for v/ = 7. Fix a number 0 < ' < v, then this
chain breaks into r chains of close exponents for 7/, say

An S S A=t s Aty < S A=t Jr =4

(We do not exclude the case r = 1 when the chain does not break, but then
the following lemma is obvious.)

Lemma 9.5. Let us denote by (E,) and (e,), respectively, the sequences of
dwided differences in Theorem 9.4 corresponding to the choices ' = v and
0 <+ <~ as above.

Then both sequences

E€my--ry Cm4j—1 and Em,...,Em+j_1

are linearly independent, and they span the same vector space.
Moreover, there exist two positive constants c1,co > 0, depending only on
M, ~, and " such that

C1 Z |Cln|2 S Z |A’4n|2 S C2 Z |CLn|2

n~m n~m n~m

Z ApCn = Z A E,.

n~m n~m

whenever

Proof. Assume, for example, that the chain

Am <o S Aot

of close exponents for v breaks into r chains of close exponents for 7/ as

indicated above. It follows directly from the definitions that
Y < Ap — Ag < My (9.9)
whenever m < ¢ < m+ j, and m + ji < p < m + j for some k, and that
en==FE, if m<n<m-+j. (9.10)
Furthermore, we claim that

m+j, p—1

Emjr = Z H ()\m+jk - )‘q)EP (9.11)

p=m g=m
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and
m+ji—1

ep=J] Co=A)E, if m+jx <p<m+ i, (9.12)
qg=m
fork=1,...,7r—1.
Indeed, we deduce from Newton’s interpolational formula

n

p—1
fn= Z H(An—)\q)Ep, n=m,...,m+j—1,

p=m g=m

that

n p—1
fn:fm+jk+ Z H()\n_)\q)Ep if m+jk §P<m+jk+1. (913)

p=m+jr+1g=m

Furthermore, applying Newton’s interpolational formula for the sequence (e,,),
we also have

n p—1
fn = emtj+ Z H AM—=Agep i m+jr <p<m+jpr1. (9.14)
p=m-+jr+1 g=m+j

Since €m+4j, = fm+ji, comparing (9.13) and (9.14) shows that the relations
(9.11) and (9.12) follow.

Let us show that the sequence E,,,..., Ey4+j—1 is linearly independent.
Assume that the exponents A,,..., Ay1;—1 take r distinct values A, ,...,
Am,., with multiplicities j1,. .., jr, respectively, so that j1 4+ - -+ 7, = 7. Then,
choosing a sufficiently small 7/, we obtain that the functions e, ..., em4j—1
are constant multiples of tdemst s = 1,...,r, ¢ = 0,...,7, — 1. It is well
known from the theory of ordinary linear differential equations (see, e.g., [26])
that the latter system is linearly independent.

It follows from (9.9)—(9.12) that e;,..., emt+j—1 all belong to the linear
span of E,,,..., En4;-1. Hence the latter is at least j-dimensional. This
proves the linear independence of E,,,..., Fpij_1.

Now let us turn back to the original choice of 4'. It follows from (9.9)—(9.12)
that

en:Zaanp, n=m,...,m+j—1, (9.15)
p=m
with suitable coefficients ay,, satisfying
min{1, v} < |an,| < max{1, M~}M. (9.16)

Hence

Z An€n = i Z ananPEP

n~m p=mn~m
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for all n ~ m, so that

4] = | nctny

n~p

< cmax{|aml|, ..., |ap|}

if p ~ m, and therefore

Z |Ap|2 < e Z |ap|27

pr~m prm

with some constants ¢, co depending only on M and ~.
Now observe that the transformation matrix in (9.15) is triangular. There-
fore, using (9.16) we obtain the relations

p
Ey=Y Bpmen, p=m,...,m+j—1, (9.17)

n=m

with suitable coefficients f3,,, bounded by some constant depending only on
M, v, and 4. Since the system E,,,..., En4+j—1 is already known to be
linearly independent, we deduce from these relations that en,,. .., ém4;—1 are
also linearly independent.
Finally, it follows from the relations (9.17) as above that
lan| < cmax{|Anl,...,|An]|}, n~m

)

and therefore

Z |an|2 S C1 Z |An|27

n~MmM n~m

with some constants ¢, ¢; depending only on M, ~y, and +'.

In the sequel the sequence (e,) will correspond to the fixed value of v as
given in Theorem 9.4.

First we establish the direct inequality for each chain of close exponents,
by giving an estimate of the constants as functions of the integral limits. This
will be needed later.

Lemma 9.6. Fiz a number R > 0. There exists a constant ¢; = ¢1(R) such
that for every m € A; (1 < j < M) and for every real number b, all linear
combinations of €y, ..., em4;—1 satisfy the estimates

b+R 2
/ IS | dt <+ a2
b—R

p~m p~m

Proof. First we deduce from the formula (9.5) the inequalities |e,(t)] <
[t|P~™ for all real ¢ and for all m ~ p. Then we have
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b+R 2 b+R
/ Z apep| dt < j Z / laye,|* dt
b o pom Jb—R

"

p
b+R
<P [ e
pom Jb—R
< 2Rj Y (RA )P - ay|?
p~m

< 2R (1 + R+ [b))2|a,|>.
Since j < M, the lemma follows.

Finally, we establish the inverse inequality for each chain of close expo-
nents.

Lemma 9.7. For every interval I there exists a constant ¢ > 0 such that for

everym € Aj (1 <j < M), all linear combinations of €m, ..., €myj—1 satisfy
the estimates )
Z lay|? < c/‘ Z apep| dt. (9.18)
p~m Ipom
Proof. It follows from the linear independence of e, ..., enyj—1 that the
estimates (9.18) are satisfied for every choice of A,,..., Am4j—1. The proof

will be completed if we show that we can choose the same constant ¢ > 0
in (9.18) for each fixed 1 < j < M, for all choices of A\,;, < -+ < Apgjo1
satisfying Apqj—1 — A < M. For each choice of these exponents, let us
denote by C(Ap, ..., Amtj—1) the smallest number ¢ satisfying (9.18). This
function is continuous because the formula (9.5) shows that the functions e,
depend continuously on numbers Ap,,. .., Amij—1.

Observe that the integral in (9.18) does not change if we add the same
real number to each \,. We may therefore restrict ourselves to the choices of
numbers

O0=MAp < < Appjo1 < M.

Since this is a compact set, the continuous function C(Ap,, ..., Am4;—1) has
a finite maximum c on it. The proof is complete.

9.3 Proof of the Direct Part of Theorem 9.4

The following two lemmas establish the easier half of Theorem 9.4.

Lemma 9.8. For every interval I, all sums

oo

F6) =Y anen(t) (9.19)

n=—oo
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satisfy the estimate

l[u@deSc§f|%P

n=—oo

with a constant ¢ depending only on M, ~, +', and on the interval 1.

Proof. We may assume by a scaling argument that 4/ = Mx. Consider the
functions H and h introduced at the beginning of Section 4.2, p. 62. Set
K := H % ---x H with 2M factors in the convolution, and let us denote by
k = h?M its Fourier transform. Then K, k are continuous functions on the
real line, and we have the following properties:

K(x)=0 if |z|> Mm,
E(0) =4M > 1,
0<k(t)<CO+tH)™*M for all real t,

with some constant C'. Let us fix a number r > 0 such that k¥ > 1 in [—r,7]. It
follows that for every fixed real number a there exists a constant ¢y such that

0<k(t—a)<cy(1+b)*M whenever b—1<t<b+1. (9.20)

Let us denote by K, the inverse Fourier transform of k(t—a) given by K, (z) =
e~ K ().
We have the following estimate:

a+r 00
[ woras [T re-alrop a

M
=21y Y D Ka(Ap — Agagag
j=1meA; p,g~m
because K,(A, — Ay) = 0 whenever |\, — A;| > M. Hence
a-+r M o0 2
/ FOPde<d Y / k(t—a)’z apep(t)’ dt. (9.21)
ar j=1meA; "’ ~® p~m

Applying Lemma 9.6 with R = 1/2, b € Z, and using (9.20), we see that
every integral on the right-hand side of (9.21) can be majorized as follows:

o0 2
/ k(t — a)‘ Z apep(t)‘ dt
o =
< Z crea(1 4 p?)~M-1 Z lay|* =: ¢ Z lap|?.

b=—00 p~m p~m

Therefore, we deduce from (9.21) the estimate
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oo

/ Ol chZ o Sl =c Y fadl

j=1meA; p~m n=-—o00

Now, every interval I can be covered by finitely many intervals of length
2r, say by I,..., In,. Then we have

o0

/Ilf(t)l dtS;/Iplf(t)l Q< (et tem) Sl

and the lemma follows.

Lemma 9.9. For every real number o > M — (1/2), all sums (9.19) satisfy
the estimates

[Carersopase Y o

n=—oo

with a constant ¢ depending only on M, v, v, and o.

Proof. Fix r as in the preceding lemma. Fix a large positive integer M’ (to
be chosen later) and introduce a function k as in the proof of Lemma 9.8,
but by defining K as the convolution product of M’ factors H instead of
2M factors. Then we have the following chain of inequalities (the constants ¢
depend on 7, and at the end we apply Lemma 9.6 in order to introduce the
factor (1 + b%)M~1):

[ aserior a

— 00

s (a+1)r
S / (L4 2)|f(0) dt

r

sy avaty [T pop

<e Y (rat) | we—anisp a
aA:/I—oo N

:CZZ<Z(1+(L2)_U/ k(t — ar) Zapept’ )
j=1meA; a=-—o0 - p~m

= g ;(i (1+a?) Z /b(b—H)T t—ar)’Zapep(t)‘Q dt)

a=—00 p~m
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M [e%S) [e%s)
SDIPY (X a+ay 3 (+0-a?)™"
j=1meA; a=—o0 b=—o00
(b+1)r
x /b ‘Z ape,,(t)‘2 dt)
M oo "
<X T Twl)( X avar
x i (1+(b—a)2)_M,(1+b2)M_1>
b=—o0c0
=cK Z |an|?
with - .
K=Y (1+a)™ Y (1+0-a?) @4V
a=—00 b=—o0

It remains to show that K < co. Choose a (small) € > 0 such that

—O’—|—M—1—|—€<—2;

this is possible by our assumption on o. Assume for the moment that
ST+ 0-a)) AT <ol 4 a?)M 1 (9.22)
b=—o0

with a constant ¢ that does not depend on a. Then

K<c Z (1+a2)—U+M—1+6;

a=—00

since the last series converges, we conclude that K < oco.
For the proof of (9.22) assume by symmetry that a > 0. Choosing M’ > M,
we have

oo

S (14 (b-a?) M a2 (9.23)

b=a+1

(14+0%) M (14 (a+n)?)M

M

S

I/\
HMEB L

—2M 1+a2)M—1n2M—2

IN
EN{
_
+

CL)Ml
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and

S (14 (b-a?) M+ (9.24)

<>+ <.

Now choose ¢ > 1 such that 1/q < ¢, then p > 1 such that p~* +¢~! =1,
and finally M’ > M such that 2M’p > 1. Using the Holder inequality we have

a

ST+ b—a)?) M (1)

b=0
< (Za:(l + (b a)“‘)‘M”’)l/p (Za:(l + b2)(M‘”")l/q
b=0 b=0
< c(Za:(l + b2)<M-1>q)”q.
b=0
Since

a

1/

(Z(l + b2)(M‘1>q> T< (1+a)Y1(1 4+ a>)M?
b=0

< (1+a®)M-1+0/0)

(1 + a2)M—l+6’

IN

we conclude that

a

ST+ 0-a) M A+ )M < o1+ a?)M e (9.25)
b=0

The inequality (9.22) now follows from (9.23), (9.24), and (9.25).

9.4 Biorthogonal Sequences

Now we turn to the proof of the inverse inequality. We recall the notation
fn(t) := et for the exponential functions.
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We shall use the congruence notation modulo M: we write n = k if M
divides n — k, i.e., if n € k + MZ. Furthermore, every function ¢ € L?(I),
where [ is an interval, will be automatically extended by zero to the whole
real line, so that p € L*(R) and ¢ = 0 in R\[.

Lemma 9.10. Fiz an integer 1 < k < M. For every interval I of length
|| > 27 /(M~) we have

/‘Z buful dt =3 [ouf?
I =k n=k

for all finite sums with complex coefficients b,. (The corresponding constants
depend only on M, v, and |I|.)

Proof. As a consequence of condition (9.2) we have
Amf_Anzzﬂlv

whenever m = n and m > n. We conclude by applying Ingham’s Theorem
9.1.

Lemma 9.11. Fiz an integer 1 < k < M and an integer m € A; for some
1<j < M. For every interval J of length |J| > 27 /(M~) we have

/‘ > anen+ Y bufn Cdt = D lanl+ > Ibal?
J n=k n=k

n~m n~m
nobm nom

for all finite sums with complex coefficients a,, and b,. (The corresponding
constants depend only on M, v, v, and |J|.)

This result is stronger than the preceding lemma because we added all
close exponents belonging to the chain of A,,.

Proof. The direct inequality follows from Lemmas 9.7 and 9.10 by applying
the triangle inequality. Indeed, writing

f= Z anen + Z bnfn=:9g+h (9.26)
n~m n=k
nym

for brevity, we have

J1s2 de < [ 2lgP s 2n ar < o 3
J J

n~m

@l + 3 [6a)
n=~k

ngm

with a constant depending only on M, v, ', and |J]|.
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For the proof of the inverse inequality fix an interval I = (a,b) of length
|I| > 27 /(M~) and a number r > 0 such that J = (a — jr,b+ jr). Similarly
to the proof of Theorem 6.2 (p. 93), let us introduce the product

I:ZI)\m“'I)\

m4j—1

of the operators

(In, () := f(t) — 217" /T eSS f(t4s)ds, k=m,...,m+j—1.

-

Applying the scalar case of Lemma 6.3 (p. 96) j times, we obtain that for f
given by (9.26), I f has the form

N = D Uufas

n=k, nom

and that the following inequalities are satisfied with a constant ¢ depending
only on M and ~':

[1uner a<e [ 1P a.
I J

|bn] < clbl,| for all n.
Applying Lemma 9.10 for I f, we conclude that

2 c 2 '
> < [ 1r0F (9.27)

n=k, nom
and then also that
[wwra<e [150p
J J

Hence

[looP at< [ 24P+ 2b)P de < e [ 170 at

J J J

Applying Lemma 9.7, we see that the last inequality implies that

S fauf? <c [ 17007 ar (928)

The lemma now follows from (9.27) and (9.28).
Next we establish a variant of Lemma 8.6 (p. 162):

Lemma 9.12. Fiz an interval I of length |I| > 27/~. There exists a sequence
(©m) in L2(I) such that

(©m>en)r2(ry = Omn  for all m,n. (9.29)

Furthermore, the sequence () is bounded in L*(I) by some constant
depending only on M, v, v, and on the interval I.
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Proof. Choose M intervals Iy,..., I of length > 27 /(M~) such that I +
-+++ Ipy = I. Combining the preceding lemma with Lemma 8.5 (p. 162), we
see that for each 1 < k < M there exists in L?(I},) a bounded sequence (¢x 1)
satisfying the conditions

(Pk,ps€q)L2(1,) = Opg Whenever p~ g, (9.30)

and
(ks f)r2(r,) =0 whenever p o qand q=k. (9.31)

(The bounds depend only on v, 4/, and on the interval I.)
For every m € A; set

On = P1n *P2m *P3m* ¥ POMm

for all n ~ m; then (p,) is a bounded sequence in L?*(I) by elementary
properties of the convolution. Furthermore, we have

@n()‘q) = @l,n()‘q)(ﬁ&m()‘q) T @M,m()‘q) (9'32)

for all integers q. If ¢ % m, then choosing 1 < k < M such that ¢ = k, we see
that the factor @1 ,(Aq) (if & = 1) or Pr.m(Ag) (if & > 1) on the right-hand
side of (9.32) vanishes by (9.31), so that

(Sonv fq)LQ(I) = @n()‘q) = 0.
Taking linear combinations, it follows that
(n, 6q)LQ(I) =0

whenever g 4 m.
It remains to prove that

(on — P1ms€q)L2(1) =0 (9.33)

whenever n ~ m and ¢ ~ n. Indeed, then (9.29) will follow from (9.30).
Of course, (9.33) is equivalent to

(on = P1ms fo)r2y =0
for all n ~ m and g ~ n, i.e., to
Pn(Ag) = Prn(Ag)-
As a consequence of (9.32) this will follow if we show that
Prm(Ag) =1

for all 2 < k < M and ¢ ~ m. In fact, this is an easy consequence (even if
k = 1) of the Newton interpolational formula
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fo=em+ ()‘q — Am)emy1 + -+ ()‘q —Am) (>‘q - )‘q—l)eq'
Indeed, we have

@k,m()‘q) = (¢k,m; fq)
= (¢k,msem) + (Ag = Am) (Prym, €ms1) + -+
+ (Mg = Am) - (Ag = Ag=1)(@r,m, €4)
= (Pr,msem) =1

by the biorthogonality properties of @y r,.

9.5 Proof of the Inverse Part of Theorem 9.4

Let us observe that for every bounded interval I and for every number o >
M — (1/2) we have clearly

/ FOP dt < / T2 dr,
I —00

where ¢ denotes the supremum of (1 +¢?)? on I. Hence it suffices to prove for
every interval J of length |J| > 27/~ the estimate

> lanl® < C/J‘Zanen

We follow a similar strategy as in Section 8.4 (p. 161). Instead of establishing
(9.34) directly for all finite sums

2
dt. (9.34)

F=>anen, (9.35)
it will be easier to construct a function y such that
> lanl? < ey, Hrao (9.36)
and
191720y < €D lanl (9:37)

Then (9.34) will follow by applying the Cauchy—Schwarz inequality. Indeed,
we have

1/2
> lanl? < ey, £z < ellyllzew - Ifllza) < C(Z |an|2> 1 fllz2(r

which implies (9.34).
Turning to the construction of y, choose an interval I = («, ) of length
|I| > 27/~ and a number r > 0 such that
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J=(a—r[F+7r).

Then fix a biorthogonal sequence (¢,,) in L?(I) satisfying the conditions
of the preceding lemma. Next, choose a real-valued even function H €
C(—r/2,7/2) satisfying

H(t) dt =1

and -

/ tH(t)dt =0, j=1,...,M,
and set G := H % H. Denoting by h and g the Fourier transforms of H and
G, respectively, we have

g\ =lgN)[2>0 forall AeR, (9-38)
g(0) = 1, (9.39)
gD 0)y=0, j=1,...,M. (9.40)

Fix a number 0 < 4" < v such that
gD\ <1/M forall |\ <My and j=1,...,M. (9.41)

Now, given given a function f of the form (9.35), we define another function
y(t) by the formula

g\ = Zan@n()‘)g()‘ = An).

We shall establish the estimates (9.36) and (9.37) in the following two lemmas.
This will complete the proof of Theorem 9.4.

Lemma 9.13. The estimates (9.36) are satisfied with a constant ¢ that does
not depend on the particular choice of f.

Proof. Let us assume for the moment that if m € A; for some 1 < j < M,
then

P
(y,ep) = Z G Ag = Agy -5 Ap — Agag, m<p<m++j, (9.42)

qg=m
where we use the divided differences of the function g(\).

As a consequence of (9.41) we deduce from the formula (9.5) that

1
Mg —Agy o3 A — Ag)| <
19(Aq gy \p o)l < M
for all m < ¢ < p < m + j. Since we have also g(0) =1 by (9.39), we deduce
from the formula
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M P
=333 90— Agr o A = Aagay

j=1meA; p~mqg=m

that

fZ > lapl® < 1y, )l + ZZ ZZI%I Jagl

j=1meA; p~m ] 1 meA; p~mg=m

M
SRRSO B DI SN

j=1meA; p~m

Hence (9.36) follows with ¢ = 2.

It remains to prove (9.42). By a continuity argument we may assume that
the exponents Ap,,. .., Am+j—1 are distinct. Applying Newton’s interpolational
formula

T

L= =) (e = Ap1)ep, m <7 <m+j,

p=m
we deduce from (9.42) that

T

(y, fr) = Z Ar = Am) -+ (A = Ap—1) Z 9Ag = Ags - Ap = Ag)ag

p=m qg=m
—ZZA — ) O =X 1)gg = Ags s Ap — Ag)ag
qg=m p=q
= (Ar = Am) - (A = Ag-1) Z()\T = Aq)
qg=m p=q

S (Ar = Ap—1)g(Ag = Ags - Ap = Ag)ag

<

|
—
>
3
[
>

o ()\r - )\q—l)g()\r - )‘q)a‘q,

W fr) = D r = Am) - (A = Agm1)g(Ar = Agdag, m < v <m+j. (943)
qg=m
Now, since
(ep)m<p<m+si and  (fr)m<r<m+j
form two bases of the same vector space by Lemma 9.5, (9.43) also implies

(9.42). Hence it suffices to verify (9.43).
First of all, it follows from the orthogonality properties of ¢,, that
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@n()‘r) = (‘mer) =0

whenever n ¢ m and also if r < n < m + j. Therefore, we deduce from the
definition of y that

(yfr: Zan(pn r )\_)\)

Comparing this with (9.43), we need to verify only the equalities
Pn(Ar) = (Ar = Am) - (Ar = Apm1), m<n<r<m+j,

and this follows from Newton’s interpolational formula

T

n(Ar) = (on, fr) = Z (A = Am) - (Ar = Ap—1) (0, €p)

p=m
because (¢n, €p) = Onp-

Lemma 9.14. The estimates (9.37) are satisfied with a constant ¢ that does
not depend on the particular choice of f.

Proof. Applying Plancherel’s theorem and using the nonnegativity of g(\),
we have

| wor a=c [~ o ax

o'e) [ee]

< (ol [ (3 Jaudah=2) an

=X p=—oco

Since the sequence (¢,,) is bounded in L?(I), we have uniformly in n and A
the estimate

B0 < 1@nll o) < lenlloim = lenlliay < V- leallzza < e

Therefore, the above inequality implies that

/_O:ol (1) dt<c/ ( Z lan]g(X — A ))2 dt. (9.44)

We majorize the last integral by applying Plancherel’s theorem again. Since

oo

Z |an|g()\ - An)

n=—oo

is the Fourier transform of
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oo

Y lanle™'G(t)

n=—oo

and since G(t) vanishes outside the interval (—r,r), we have

/m( i |an|g()\—)\n)>2 d/\:c/r

=X p=—c -r

> ) 2
D7 anle'G(t)| dt.

n=—oo

Since G is continuous and has a compact support, it is bounded. Therefore,
the last expression is majorized by

T
C/
-

so that we deduce from (9.44) the inequality

| wopdse/

It remains to show that

r 0o 4 2 o
/ Z lanlet| dt <c Z |an|?.

T pn=—c0 n=—o0o

o0

. 2
Z |an|ez/\nt

n=—oo

dt,

o0

. 2
Z |an|€z/\nt

n=—oo

dt.

This follows by decomposing the sequence into M subsequences and apply-
ing Ingham’s theorem to each corresponding integral. (This is justified by
condition (9.2).) We have

/ Z |y |ent dt<MZ/ Z|an|e“‘"t ’ dt

n=-—oo T n=k

< Mch Z |an|?
k=1 n=k
o0

<ec Z lan|?.

n=—oo

9.6 Singular Points of Dirichlet Series

Consider a Dirichlet series of the type

f(s) = flo+ti) i e Ans, (9.45)
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in which ()\,,) is a strictly increasing sequence of strictly positive real num-
bers, o and t denote the real and imaginary parts of s, respectively, and the
coefficients d,, are given real or complex numbers. We recall from the general
theory (see, e.g., [13]) that there exists a number —oo < 0y < oo such that
the series converges whenever o > o¢, and diverges whenever o < gq. If this
convergence abscissa oq is finite, then the vertical line ¢ = o is called the
convergence line of the series (9.45).

We are going to give a new proof of the following theorem of Bernstein
[13):

Theorem 9.15. Assume that the series (9.45) has a finite convergence ab-
scissa, and that the sequence (\,) has a finite upper density DV. Furthermore,
assume that
logmin{A,+1 — A\, 1}
N
An

as n — oo. Then every segment of length 2w DY on the convergence line
contains at least one singular point of f(s).

0 (9.46)

Remark. Bernstein’s theorem generalized an earlier one due to Pdlya [113].
Pélya assumed instead of the finiteness of DT and (9.46) the stronger uniform
gap condition

A+l — A >y forall n

for some v > 0, and he concluded that every segment of length 27/ on the
convergence line contains at least one singular point of f(s). Ingham gave a
simpler proof by applying his Theorem 4.3 (p. 59). We are going to proceed
in a similar way to prove Bernstein’s theorem by applying Theorem 9.4 (p.
177).

Assuming that Theorem 9.15 is false, we may assume without loss of gen-
erality that Dt = 1, that the convergence abscissa is equal to 0, and that f(s)
has no singularity on the segment 0 =0 and —7 <t < 7.

We may then choose a sufficiently small € > 0 such that f(s) is regular in
the closed rectangle

—3e<o<1+4+3e, |t|<7m+4e;
in particular, it is bounded by some constant A in this rectangle. For every

nonnegative integer ¢ and for every ¢ > 0 we have the convergent expansion

FD(s) =Y (=1)2dn AL e e,
m=1
For
0<o<1, [t|<7m+e,

applying Cauchy’s formulae we have, denoting by C' the circle |z| = 3¢, the
following estimates:



196 9 A General Ingham-Type Theorem

‘ f s+ z) q'A
2mi za+l (35)

|f(q)

Putting
b = (—1) AL,

we may write
f(q Z bme—zA t

We are going to estimate the coefficients b,,. Let us choose v and M
by applying Proposition 9.3 (p. 175) to the interval I := (—7m — &, 7 + €).
Choosing furthermore 4" := min{~, 1} and introducing the divided differences
as in Section 9.1 (p. 177), we may rewrite the above function in the form

f(q Z anen(t

Applying Theorem 9.4 (p. 177) to this series, we obtain the inequalities

q'A
n| <C
0l €CE) 3,
with some constant C'(g) independent of n and q.
Putting
’I’Lk+1—2
P, = H Nj+1 —Aj) for ngp <m < ngp
J=nk

(with P, :=1if ng11 = ni + 1), we have
|Pm,n| > Pm('Yl)n_nHl > Pm(W/)_M

for all ny < m < n < ngy1. Therefore, using the relations (3.4) between the
coefficients a,, and b,,, we deduce from the above estimates of a,, that

b |<M(7')MC'(€)A q! _. B q!
e P, (3e)e " P, (3e)e

More explicitly, we have

B ¢!

—1)4d AL e 7| < .

Letting 0 — 0, it follows that

(2)\ma) - B (2)4.

dm
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Summing from ¢ = 0 to oo, we deduce that

3B
dm 2Ame < )
e < )
Hence 3B
|dm|€/\m’€ < e—/\ma
We will show that the right-hand side of this inequality is of order O(e="7%/2)
as m — oo. This will imply that the Dirichlet series converges for s = —¢,

which is impossible because —e¢ is strictly smaller than the convergence ab-
scissa 0 = 0.
It remains to establish the estimate

—Ame

. < Cle—m'ys/Q

for all sufficiently large m, with some constant C’. Here and in the sequel, C’
denotes various constants independent of m.
Taking logarithms, we see that the desired estimate is equivalent to

€

1 mye
—Ame +1 <C -
Amée + log p. = C g
or to . 1 o
mrye
<e-— 1 . 9.47
o\, <e A og P, + A ( )

Here the left-hand side is majorized by an expression converging to /2.
Indeed, observe that writing m = Mk +r with integers k > 0and 1 <r < M,
we have

Am = MEky+ XM= (m—7)y+ A\ > (m — M)y.
Therefore,
mye mye e m €
< e —
2 ~ 2(m—M)y 2m-M 2
as m — 00.

We complete our proof by showing that the right-hand side of (9.47) con-

verges to . Since \,, — 0o, we have only to show that

log P,
—

0.
Am
Since
‘10gpm’ _ nki_Q’log(AjH - Aj)’ _ nki_z‘log(kjﬂ =) A
Am o Am ; Aj Am
=ny =Nk

if np < m < ngg1, the desired relation follows from our hypothesis (9.46)
because the number of terms in this sum is bounded by M and

A A

1.
A T e

0<
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Remark. According to terminology introduced by Bernstein [13], the relation

1 1
A log P, —0

means that the condensation indez of the sequence (\,,) is equal to zero.



10
Problems with Weakened Gap Conditions

In this chapter we demonstrate the usefulness of the general theorem of the
preceding chapter by proving optimal simultaneous observability results for
string and beam systems. Here we also need some tools from Diophantine
approximation: generally speaking, our results hold only under some number-
theoretic hypotheses concerning the lengths of the strings or beams. The set
of exceptional parameters has zero Lebesgue measure, but we prove that it
has a maximal Hausdorff dimension. At the end we establish an optimal ob-
servability theorem for spherical shells with a central hole.

10.1 Simultaneous Observability of a System of Strings

Consider a finite number of vibrating strings with fixed endpoints, one of
which is common to all of them. Assuming that we can observe only the
combined force exerted by the strings at the common endpoint during some
time T, it is natural to ask whether we can identify all initial data.

With ¢; denoting the lengths of the strings, a reasonable model describing
these vibrations is given by the following uncoupled system:

Ujtt — Ujpx T AU = 0 in Rx (0, Ej),
Uj(t, 0) = Uj(t,gj) =0 for te R, (10 1)
u;(0,2) = ujo(r) and wu;(0,2) =u;i(z) for =z € (0,¢,), '
j=1,...,N,

where N > 2 and aq,..., ay are given real numbers. We would like to know

whether the linear map

N
(U10s -+, UNOs UL, - - -, UNT) Zuj,m(',o) (10.2)
=1
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is one-to-one in suitable, natural functions spaces. If this is so, then we would
also like to obtain more precise, quantitative norm estimates.
This problem was first studied by Jaffard, Tucsnak, and Zuazua [57] for
N =2.
It follows from Propositions 4.7 and 4.8 (p. 73) that the system (10.1) is
well-posed for
u]‘()EH&(O,fj) and Uj1 €L2(0,€j), j=1,...,N,

and that formula (10.2) defines a continuous linear map of

(11 #300.89) < (I] £20.5)

(R). More precisely, the solutions of (10.1) satisfy the estimates

N 2 N
/’Zuj,m(t,())‘ dt < CIZ(/ Vaujol? + |uju|? dx)
1 e

on every interval I.
Introducing the Hilbert spaces D® as in Section 3.2 (p. 38), this estimate
can be rewritten in the form

N 2 N
[ watto)] de < ey (ol + unl3).
Ij=1 j=1

We are going to establish the following weakened converse of this inequality:

=.

1

J

. 2
into Li, .

Proposition 10.1. For almost all choices of (¢1,...,Ln) € (0,00)Y, the so-
lutions of (10.1) satisfy the estimates

N

N 2
S (sl + gl 1) < cur [[Swet0) @t (103
=1

j=1
on every interval I of length
[I] > 2001+ -+ LN), (10.4)

for every s <2 — N.
Moreover, if the numbers a; are distinct, then the estimate (10.3) also
holds in the limiting case s =2 — N.

Remarks.

e The optimal condition (10.4) was first given (even for the case N = 2) in
[8], with the proof published in [9].
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e If no lower-order terms are present in the equation, i.e., ifa; = --- = ay =
0, then the proposition can be proved by applying D’Alembert’s formula;
see Ddger and Zuazua [28]. We will show in this section that our first proof,
given in [8], [9], easily extends to the general case.

e The necessity of a condition on the lengths of the strings is shown already
in the case N = 2 by the following example, given in [7]: if ¢1/¢3 = p/q is
a rational number, then the map (10.2) is not one-to-one for any interval
1. Indeed, the formulae

ui(t, ) = ™ sin(pra/0y),
ug(t, ) = —e" ™2 sin(qra/ls),

define a nonzero solution of (10.1) for which the right-hand side of (10.2)
vanishes on R.

For our proof we recall, e.g., from [22], the following classical result of
Diophantine approximation:

Proposition 10.2. There exists a set Q C R of zero Lebesgue measure such
that if z € R\Q, then

dist (kz,Z) > Cjc(z), k=1,2,...

«
for every a > 1.

It is clear that ) contains the rational numbers. In the sequel we assume
that the lengths of the strings satisfy the condition

0l & Q forall j#m. (10.5)

Using Fubini’s theorem one can readily verify that almost all N-tuples
(€1,...,0n) € (0,00)"N satisfy this condition.
Let us also recall from the proof of Propositions 3.2 and 4.7 that putting

Wik =kr/l; and wjj = \/,uik +a;

for brevity, the solutions of (10.1) are given by the formulae

uj(t,x) = Z(bj,kei“’f*’“t + bj ke~ i) sin p; g (10.6)
k=1

with suitable complex coefficients b; ;. and b; _j,. More precisely, these formulae
are valid except for countably many particular values of the lengths ¢;, where
wj i = 0 for some k. Since the corresponding N-tuples (¢1,...,¢y) form a set
of zero Lebesgue measure, we may exclude them from the considerations that
follow.

We need the following auxiliary result for the proof of Proposition 10.1.
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Lemma 10.3. Assume (10.5). There exists a number v > 0 such that if

0 < |wjk — Wil <7, (10.7)
then j # m and
Cq Co
ik — > d k= >
|wj e — Wmon| > lw; 4]0 and |wj — Wim.n| > wmnal

for every o > 1, with a constant c, independent of the particular choice of
Wik and W, p .
Moreover, if the numbers a; are distinct, then we even have the estimates

c c
|wj e — Wmn| > a and |wjk —wmnl >, " .
|wj k] |wm,n]
Proof. Let us first consider the case a; = -+ = ay = 0. Then we have

wjk = Mk = kr/l;,

so that if we choose v < min; 7/¢;, the condition (10.7) implies that j # m.
Note that this condition also implies the asymptotic relations

|wj k] X [winn| = & = n. (10.8)
Furthermore, applying Proposition 10.2, it follows from (10.7) that
|wjk = wmn| < k(b /€;) —n| =

and the lemma follows by using (10.8).
Turning to the general case, first we note the obvious asymptotic relations

km ajéj 1
W=t (L), ke
Wik = g T o T\ pa o
for every j = 1,..., N. Hence, by choosing a possibly smaller value of v, we
have that (10.7) still implies the relation j # m.

If (10.7) is satisfied, then these relations also imply that

ajéj _ amém o Ej L k/gj
o%kr  onm | 2kr (“J amn/em)
¢

(s —am M5
2km \ 7 m(k/ﬂj) +0(1)
0.
= 2]57r (aj —am(l— O(l/k))
Hence P P | I )
At _amm _ a; — Qm |ty
2km 2nm 2km + O(k2>'
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If a; = am, then it follows that

o ¢ _

for every 1 < a < 2. Of course, for greater values of « the final estimate still
holds, because then k% grows even faster.
If a; # a,, then we have simply

sl 1 o) ~o( ) =

Proof of Proposition 10.1. Using the representation (10.6) of the solutions
and using the relations w; ; < k, the estimates (10.3) can be rewritten in the
following equivalent form:

N oo
sz% |bJ,k|2+|bJ, k| )

j=1k=1
2
<CsI/ZZMka ekt + by —re” wikt dt.

j=1 k=1

Let us rearrange the exponents +w; ; into an increasing sequence A,,. Exclud-
ing a set of zero measure of the N-tuples (¢1,...,¢x), we may assume that
An # Ap whenever n # k. Denoting the corresponding coefficients p; 1b; 4k
by b, for brevity and using the relations p; < k, we have to establish the
following estimate:

Z|)\ |2s 2|b |2<CSI/‘Z bez/\t

n=—oo n=—oo

dt. (10.9)

It follows from the structure of the exponents A, that

N ’I“gj 1) < + < N ’I“gj 1
S )<t ()
for all » > 0, whence

t= (b )/

Now, given a bounded interval I of length > 2(¢; +---+/{y) = 20D, choose
v, M as in Proposition 9.3 (p. 175) and then choose 4/ such that N < 7 /¢;
for all j. Then no chain of close exponents is longer than N; i.e., A; = () for all
j > N. Introducing the functions e, (t) as in Theorem 9.4 (p. 177), we have

the estimates
/‘ Z anen(l ’ t= Y Janl (10.10)

n=—oo n=—oo
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If m € A; for some j =1,..., N, then rewriting the sums according to the
equation
m+j—1 m+j—1
Z bnel)‘”t = Z anen(t)7
n=m n=m
we obtain from the structure of the divided differences the inequality
m+j—1 m+j—1
Z |bn|? -min{[\, — \g| : m<p<g<m+PN2<C Z lan|?
n=m n=m

with a constant C independent of the choice of m. Furthermore, applying
Lemma 10.3, we have

min{|\, —N\,| : m<p<qg<m+iPN2> Comax{|\,| : m <n<mtj}?

for every § < 2 — 2N. Therefore, we deduce from the last inequality that

m+j—1 m+j—1
ST alllbalP <Cs > Janl?
n=m n=m

for all 8 <2 — 2N, and then

oo oo

Z |)‘n|ﬁ|bn|2fcﬁ Z |an|2~ (10.11)

n=—oo n=—oo

We combine (10.10) and (10.11) and observe that the condition 2s—2 < 2—2N
is equivalent to s < 2 — N. The estimate (10.9) follows.

10.2 The Hausdorff Dimension of the Set of Exceptional
Parameters

In Proposition 10.1 of the preceding chapter we excluded an exceptional set of
zero Lebesgue measure of the N-tuples (¢1,...,¢y). We show in this section
that this set is in fact large in the sense that its Hausdorff dimension is
maximal.

Let us first recall the definition of the Hausdorff dimension; we refer, e.g.,
to Falconer [33] for proofs. Given a set F' C RY and positive numbers s and
e, set

S(F) :=inf diam B)?,
p(F) =in BZEB( )
where B runs over all countable covers of F' by sets of diameter < ¢.

It follows from the definition of the infimum that u2(F') can only increase

as € — 0, so that we may also define
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p* (F) i= lim p2(F) = sup p2(F).
e—0 e>0
It is called the s-dimensional Hausdorff outer measure of F'.
Next one can prove that there exists a critical value 0 < sg < oo, called
the Hausdorff dimension of F', such that

w(F)=00 forall s<sp

and
p*(F)=0 forall s> sq.

Examples.

Every nonempty open subset of R is N-dimensional.
The Hausdorff dimension of the triadic Cantor set is equal to In2/1n3 ~
0.63.

For every fixed € > 0, let us denote by Q. the set of real numbers a for
which there exists a sequence p; < ps < --- of positive integers sayisfying the
asymptotic relations

dist (pra,Z) = o(p,zl_a), k — oo.

It follows from Proposition 10.2 that Q). has zero Lebesgue measure for every
e > 0. But its Hausdorff dimension is positive: more precisely, we have the
following easy consequence of a classical result due to Jarnik [58] (see also
Theorem 8.16 in [33]):

Proposition 10.4. The Hausdor[f dimension of Q. is equal to 2/(2 + ¢€).

Returning to our problem, for simplicity we restrict ourselves to the case
N =2 with a; = ag = 0. Using Proposition 10.4 we are going to establish the
following result:

Proposition 10.5. Consider the system (10.1) with N =2 and a1 = as = 0,
and fix an arbitrary interval I. For each € > 0, the pairs (¢1,¢2) € (0,00)? for
which the estimate

2
ZHUonIQ_a + lup 2oy < Cs,I/|U1,m(Ovt) + ug,.(0,1)* dt (10.12)
j=1 4

holds for all solutions of (10.1) form a set of Hausdorff dimension at least

equal to
€

C2+4¢



206 10 Problems with Weakened Gap Conditions

Proof. It suffices to show that if a := ¢1/(f1 + ¢2) € Q., then the estimate
(10.12) does not hold for all solutions of (10.1). Indeed, since the map

T
1—2z’

which transforms ¢1/(¢1 + ¢3) into ¢1 /2, does not diminish the distances, it
follows that the set of the corresponding fractions ¢1 /¢ has Hausdorff dimen-

sion at least equal to 2/(2+¢). Then an elementary argument shows that the
corresponding pairs ({1, ¢2) form a set of Hausdorff dimension

X =

13
> 2 — .
- 2+¢

If a € Qe, then there exists a sequence of positive integers py, tending to
infinity, such that

dist (pra,Z) = o(p;' ™), Kk — oo.
Choose positive integers nj such that
lpra —ni| = o(p;, %)
then setting my := pr — nk, we have
|mra —ng(1 —a)| = o(p,zl_s)

and
my X Nk X Pk

as k — oo, so that

m n —1—¢ —1—¢
é: - ef‘zo(nkl ):O(mkl )

Now for each fixed k, the formulae
uy (t, ) = ™™ U gin(ngma /0y,
us(t, ) = —eimamt/t2 sin(mymx/ls),

define a solution of (10.1), whose initial data satisfy the estimate

2
> lugoll. + llugl® ey < ng . (10.13)
Jj=1
Furthermore, we have
u m(t7 O) T uy z(t, O) _ nkﬂ'einkﬂ't/él _ mkﬂ-eimk‘nt/b
' ' 2 Uy
_ (nk _ mk)ﬂ_emknt/él I mpm <6ink7rt/ll _ eimkﬂt/£2>
51 62 2
—1—¢ ng mp
ot e mo (=2
O(’/lk ) mi gl £2

= o(ngs).
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Hence for every bounded interval I we have the estimate
/|u1’m(t, 0) + uz,(t,0)]* dt = o(n;;*). (10.14)
I

Comparing (10.13) and (10.14), we conclude that (10.12) does not hold.

Remark. It follows from the proposition that the set of pairs (¢1,¢2) for
which the estimate (10.12) fails for some € > 0 has full Hausdorff dimension
2.

10.3 Simultaneous Observability of a System of Beams

In this section we investigate a similar problem as in Section 10.1, but for
beams instead of strings. Given a positive integer N > 2 and positive numbers

ly,..., ¢n, we consider the solutions of the following uncoupled system:
Uj ¢t + Uj pazs = 0 in Rx(0,¢),
ui(t,0) =u;(t, £;) =0 for teR,
U2z (t,0) = ujoa(t, ;) =0 for teR, (10.15)
u;i(0,2) = ujo(z) and w;(0,2) =un(z) for =z € (0,¢;),
j=1,...,N.

We investigate again the nature of the linear map
N

(ulo, ey UNO, ULy e - - ,uNl) = Z ulm(-, 0) (1016)
j=1

This problem was first studied in [7] in the special case N = 2, without
using the main Theorem 9.4 of the preceding chapter. The following more
general result and its proof are due to Sikolya [125].

It follows from Propositions 5.3 and 5.4 (p. 85) that the system (10.15) is
well-posed for

’U;joEH&(O,éj) and ujleH_l(O,éj), j=1,...,N,

and that formula (10.16) defines a continuous linear map of

N N
(TT z30.0) x (TT#(0.2))
j=1 J=1
into L?

£ .(R). More precisely, introducing the Hilbert spaces D® as in Section
3.2 (p. 42), we have
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N 2 N
/’Zum(t,o)‘ dt < cg Z(HWO\E + ||U.7'1H2_1>-
Ij=1 j=1

We are going to establish the following weakened converse of this inequality:

Proposition 10.6. For almost all choices of (¢1,...,0x) € (0,00)Y, the so-
lutions of (10.15) satisfy the estimates

N N
2
S (ol + gl 2) < o [[ 3wt 0) " at (10.17)
i=1

j=1
on every interval I and for every s < 1.
Remark. The necessity of a condition on the lengths of the beams is shown

by the following example for N = 2: if /1 /¢35 = p/q is a rational number, then
the map (10.16) is not one-to-one for any interval I. Indeed, the formulae

ipm3t /e

ui(t,z) =e i sin(prx/ly),

us(t, z) = —ta* Tt/ sin(qmx/ls),
define a nonzero solution of (10.15) for which the right-hand side of (10.16)
vanishes on R.

We recall from the proof of Propositions 5.3 and 5.4 that with
Wik =kr/l; and wji = l‘?,k

for brevity, the solutions of (10.15) are given, apart from a set of N-tuples

(01,...,¢N) of measure zero, by the formulae
uj(t,x) = Z(bj,kei‘”j-rkt + bj e iR sin (10.18)
k=1

with suitable complex coefficients b; ;, and b; .
We need the following auxiliary result for the proof of Proposition 10.6,
where we use the set @ introduced in Proposition 10.2 (p. 201).

Lemma 10.7. Assume that

Ui/tm € Q forall j#m. (10.19)
Then there exists a number v > 0 such that if
0 < |wjk — Wl <7, (10.20)
then j # m and
s

|w77k - wm,”' > and |wj,/€ - wm,n| > b
' |wj ' |wim,nl?

for every B > 0, with a constant cg independent of the particular choice of
Wik and Wy .
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Proof. We have
Wik = My = k220,
so that with v < min; 7%/¢3, the condition (10.20) implies that j # m. Note
that this condition also implies the asymptotic relations

|wik| X |wm,n| = & = 0. (10.21)

Furthermore, applying Proposition 10.2, it follows from (10.20) and (10.21)
that

Wk — W] = k:7r_n7r’ k7r+n7r‘
e P N
=< [k(Cn/Cj) — |-k
cok
>
Z Lo

for every a > 1, and the lemma follows with 3 :=a — 1.

Proof of Proposition 10.6. Using the representation (10.18) of the solutions
and using the relations 1, =< k, the estimates (10.17) can be rewritten in the
following equivalent form:

N oo
sz% |bJ,k|2+|bJ, k| )

j=1k=1
2
< s I/ Z Z,uj kb kele Rty i, kbj _re —hwikt| dt.

j=1 k=1

Let us rearrange the exponents tw; ; into an increasing sequence (\,). Ex-
cluding a set of zero measure of the N-tuples (¢1, ..., {y), we may assume that
An # Ak whenever n # k. Denoting the corresponding coefficients 1 10+
by b, for brevity and using the relations p;, < k, we have to establish the
following estimate:

Z|)\ |s 1|b|2<csl/‘z beﬁ)\t

n=—oo n=—oo

dt. (10.22)

It follows from the structure of the exponents \,, that an interval of length
7 contains at most 2¢;+/r/2/7 elements of the the family (+w;x), k =1,2,...,
the best choice for the interval being [—r/2,r/2]. Hence

N .
nt(r) < Z 2\/;/2€J

for all r > 0, whence
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+
DF— fim ")

r—00 r

=0.

Now, given an interval I, choose v, M as in Proposition 9.3 (p. 175) and then
choose 7/ such that Nv" < 7/¢; for all j. Then no chain of close exponents is
longer than N;ie., A; =0 for all j > N. Introducing the functions e, (t) as
in Theorem 9.4 (p. 177), we have the estimates

o0 2 o0
/‘ 3 anen(t)’ dt= 3" Jagl” (10.23)
I n=—oo n=—oo
If m € A; for some j =1,..., N, then rewriting the sums according to the
equation
m+j—1 m+j—1
> bt = > anen(t),
n=m n=m
we obtain from the structure of the divided differences the inequality
m+j—1 m+j—1
Z [bn|? -min{|\, — \g| : m<p<g<m+jPPN2<C Z an |2
n=m n=m

with a constant C independent of the choice of m. Furthermore, applying
Lemma 10.7, we have

min{|\,— ;| : m <p<qg<m+jN 2> Cpmax{|\,| : m<n<mtj}’

for every (3 > 0. Therefore, we deduce from the last inequality that

m+j—1 m+j—1
Z |)‘n|_ﬁ|bn|2 <Cs Z |an|27
and then - -
STl bl <Cs Y Janl? (10.24)

for all > 0. Now (10.23) and (10.24) imply (10.22) for every s < 1.

Remark. The above proof can be adapted to a more general situation in
which the system contains both strings and beams; see Sikolya [125].

10.4 Observability of Spherical Shells

The study of observability of different shell models is relatively recent; see,
g., [39], [40], [41], [42]. In this section we present, following [102], optimal
results for spherical shells with a central hole.
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By the Love-Koiter linear shell theory ([105], [130]) we can formulate the
mathematical model of a spherical cup of opening angle 0 < 6y < 7 with a
hole of opening angle 0 < 6; < 6. In the case 6y = 7, a similar analysis
can be done also in the absence of a hole; see [99]. We consider only axially
symmetric deformations. Then the meridional and radial displacements u(t, 6)
and w(t, d) of a point P, belonging to the middle surface of the shell, satisfy
in (01,6p) x R the following coupled system of partial differential equations:

duge — L(u) + (1 +v)w —el(u+w') =0, (10.25)

dwg — 2V (usinf) + ¢ [L(u+w')sin@]) +2(1 +v)w =0, )

sin 6 sin 6

where  and the subscript ¢ stand for the derivatives with respect to 6 and t,
L(v) ="+ cot§ — (v + cot? O)v,

and d, ¢, v are given constants. More precisely, denoting by R and h the radius
and the half-thickness of the middle surface, by A and n the Lamé constants,
by dp the density and by E the Young modulus, we have

h? A doE

and d=

— _ 2
TRz VT Ao 12T

C

Note that —1 < v < 1/2 and ¢,d > 0.

According to the Hilbert uniqueness method, the exact controllability of
this system holds in suitable function spaces, provided a special uniqueness
property is satisfied. This was explained for the present context in [41], so
that in this section we study only the required uniqueness of the solutions of
(10.25) completed by the following boundary and initial conditions:

u(t,Go) = u(t,Gl) = 0,
w'(t,00) = w'(t,61) = 0, t eR, (10.26)
L(u+w)(t,0p) = L(u+w)(t0) =0,

{U(O,G) =wup, w(0,0)=uq,

01 <0 < b 10.27
w(0,0) = wo, w(0,0) =wy, ! 0 ( )

It follows from more general results established in [42] that the problem
(10.25)—(10.27) is well-posed in the Hilbert space V x H defined by
V= H&(Gl,ﬁo) X (H2 N H&)(Gl, 90)

and
H = L2(91,00) X L2(01,00).

In [42] more complex spaces are used, but under the present assumption 67 > 0
they are equivalent to the above ones. Our main result is the following:
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Theorem 10.8. For all but countably many exceptional values of ¢, the fol-
lowing uniqueness property holds. If a solution of (10.25)—(10.27) satisfies

w(t,0p) =0, 0<t<T,

for some T > 2v/d(0y — 01), then in fact v = (u,w) vanishes identically in
(91, 90) x R.

Remark. The same conclusion was obtained in [39] for the particular case
of the half-sphere (6 = 7/2, 6; = 0), for some very particular choices of the
parameters. The proof had two important ingredients:

e By the particular choice of the angles, the eigenfunctions of the infinites-
imal generator A of the corresponding semigroup have an explicit repre-
sentation by Legendre polynomials.

e By the choice of the parameters, the spectrum of A satisfies a crucial gap
condition, enabling one to apply Ingham’s Theorem 4.3.

In order to treat the present general case, we have to modify substantially our
approach:

e Without determining explicitly the eigenfunctions and eigenvalues of A,
we can establish the existence of a Riesz basis of V x H, formed by eigen-
functions of A, and we can obtain sufficiently precise information on the
distribution of the corresponding eigenvalues by applying the spectral the-
ory of ordinary differential operators as described by Titchmarsh in [131].

e Study of the eigenvalues shows that the gap condition needed for the appli-
cation of Ingham’s theorem is not satisfied in general. However, a weaker
gap condition still holds, and this is still sufficient for our purposes because
we may apply Theorem 9.4 (p. 177).

Let us clarify the structure of the solutions of (10.25)—(10.27). We refer to
[123] for a study of the spectrum in the general case. In the present particular
case, following [130], it is useful to introduce a primitive s of u with respect
to 0 and to use the differential operator

D(s) =s" + s cot 6 + 2s.

Then, setting also
E:=0+4+c¢)(1+v)

for brevity, (10.25) can be rewritten in a more convenient form:

{dstt =D(s) + (¢D — k) (s + w), (10.28)

dwyy = (1 +v)D(s) — (cD? — (3 + v)D + 2k) (s + w).
Consider the following eigenvalue problem:

=D(f;) = ajf; in (61,60),
{f§(9o) = fi(61) = 0. (10.29)
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As a consequence of our assumption 0 < 01 < 0y < 7, the coefficients of D are
continuous on the compact interval [0, 6p]. (The assumption on the existence
of a hole is crucial here.) We may therefore apply the spectral theory as
developed in the first chapter of Titchmarsh’s book [131]. Thus there exists a
Riesz basis fo, f1,... of L?(61,6p), formed by eigenfunctions of the problem
(10.29). Furthermore, the following asymptotic relations are satisfied as j —
00!

g 1
vag=, 7"+ O(j), (10.30)

Ji= \/90 : 0, COS(aojie(al) - O(;)

Rewriting (10.28) in the operational form
dvy = Av, v = (s,w),

and using these eigenfunctions, we can find a Riesz basis of V x H, formed by
eigenfunctions of the form (w; f;, f;) of A. Indeed, the equation A(w; f;, f;) =
Aj(w;fj, fj) leads to the algebraic system

I4+c)a;+k+A; ca; +k @i\ _g
caf 4+ c(3+v)a; + (1+v)a; + 2k cal + c(3+v)ay + 2k + ); 1)~

Proceeding as, e.g., in [76], we have two solutions:
1
+
= (=B + /B - acy)

with

B, = ca? +[(1+4+¢)+ec(B+v))a;+3(1+c)(l+v),

Cj = cal +2cat + (1+¢)(1 = 1*)ay,
and

L caj+ (14+¢)(1+v)
TN+ (14 0a+ 1+l +v)

Moreover, we may assume that the numbers )\8:, )\]‘L,. ..are distinct and dif-
ferent from zero (this holds for all but countably many exceptional values of

c).
Since a; — 0o, one obtains easily the asymptotic relations

A~ —aj, A7~ —cas, (10.31)

and hence
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+ —
wi~1, 0 wy~=1/a;.

Applying Proposition 2.1 from [77], we conclude that the vectors

(("‘)Jj':fjvfj)v j20717"'a

form a Riesz basis in H and that the solutions of (10.26)—(10.28) (with u = s’)
are given by the series

(s,w)(t) = Z(aj@\/v/dt + bj@_\/v/dt) (Wi fi, )

J

- Z(cje%’/‘“ + dje—Wi/‘“) (wj f5,f;) (10.32)
J

with suitable complex coeflicients a;, bj, ¢j, and d;, depending on the initial
data.

Now turning to the proof of the uniqueness theorem, we begin by for-
mulating a special case of Theorem 9.4 (p. 177). Let (\,)22 __ be a strictly
increasing sequence of real numbers. Assume that there exists a number v/ > 0
such that

)\n+2 - )\n > 2’7/
for all n. Set

Ay:={neZ : Ay — A1 =7 and A1 — A\ > 7'},
Ay:={neZ : Ay — A1 > and A1 — \y < 7'},

and consider the sums of the form
Ft) = byt (10.33)

with complex coefficients b,,. We consider only “finite” sums; i.e., we assume
that only finitely many coefficients are different from zero. Put

B = 3 P 3 [Ibn bria P+ Qs = A (ol + )

neAy neAs
for brevity. Furthermore, set

+
DF = tim ",
T—00 T
where n™(r) denotes the largest number of terms of the sequence (\,) con-
tained in an interval of length r.
The following result is a special case of Theorem 9.4 (p. 177).
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Theorem 10.9. For every bounded interval I of length |I| > 2x DT we have

1 ae< e (10.34)

for all functions f of the form (10.33).
Remarks.

e By a standard density argument, the estimates (10.34) also remain valid
for all infinite sums such that E(f) < cc.

e Using Theorem 6.2 (p. 93), the above theorem remains valid if there is
also a finite number of nonreal exponents \,,.

Now we are ready to prove Theorem 10.8. Let T > 2v/d(6y — 6;) and
assume that w(y,t) = 0 for all 0 < ¢ < T. Then, using the representation
(10.32) we have

S a5 (00)eV N by B0y VAT
J

+ cjfj(oo)e\/kf/dt + djfj(ao)e‘\/kf/dt -0

forall0 <t <T.
Let us arrange the numbers j:\/ )\j[ into a new strictly increasing sequence

(An), and let us apply Theorem 10.9 and the above remarks. As a consequence
of the asymptotic relations (10.30) and (10.31) we have Dt = \/d(6y — 6;) /7.
Since T > 2w D™, we conclude that

a;fi(00) = b fi(0o) = c; f;(0o) = d; f;(6o) =0

for all j. Since the variational problem (10.29) is regular, none of the numbers
1j(6o) is equal to zero. Hence all coefficients a;, b;, ¢;, and d; vanish. Using
again the representation (10.32) we conclude that the solution (s, w) and then
also (u,w) vanish identically.

Remark. There exist effectively exceptional values of the parameters c. In-
deed, one can find by direct computation two different indices j < k and
values ¢, v such that )\j = )\, . Denote this common value by A. The formula

(s,w)(t) = VU (fu(00) (W fi. £3) — £500) Wy fus f1)

defines a nontrivial solution of (10.25)-(10.27) for which w(fo,t) = 0 for all
real ¢.
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